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A THEOREM ON JOINT PROBABILITY DISTRIBUTIONS
IN STOCHASTIC LOCALLY CONVEX LINEAR
TOPOLOGICAL SPACES

BY

I. KOTLARSKI (WARSZAWA)

Let (£, #, P) be a probability space, 2" a real locally convex linear
topological space and X (w) a strongly Z-measurable mapping from 0
into Z which will be also called a random variable in Z (random Z-var-
iable). Its distribution Px(A4) = P(w: X(w)ed <« & ) is uniquely deter-
mined by the characteristic functional

(1) fX(m*) - Ee?’m*(X) - f@iw*(m)P(dO)).
0

Throughout this paper # (may be with indices) belongs to %, x*
belongs to Z*, where Z'* is the space conjugate to 2, and k = 1,2, 3.

It is well known that the characteristic functional of a random
Z-variable has some properties similar to those of the characterigtic
function of a real random variable (see [1]). They will be used in the
sequel. The aim of this paper is to prove the following

TuroreEM. Let X (k =1,2,3) be independent random Z-variables
and let

dt

(2) Y, S X+ X, ¥Y,= X4 X,

If the joint characteristic functional of (Y, Y,) does not vanish, then
it determines all distributions of Xy up to a change of location.

Proof. Denote the characteristic functional of X, by fi(x*) and
the joint characteristic funectional of (Y,, Y,) by

(3) flaF, 3) = B { P ITD+=(Fh
It is easy to see that

(4) fat, @)) = fi(@))-fo (@) fi(al +a7).
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If X}, are other independent random #-variables such that the joint
characteristic functional f’'(zf, «¥) of (Y, Y3) = (X, X,, X;-+X3) does
not vanish, then also

(5) f' (@l @y) = fill) fo(al)-fs (ol +a3)

where f. == = Jmr
Now we assume that

(6) f'wty a3) = fa, o3).

By this assumption and from (4) and (5) we obtain the equation
(7) fil@) fu(@s)fs (@l +a3) = fu(@)) fo(@3) fy(@f + a3).

Let us put
(8) fe(®*) = fu(@*)-gu(z*), k=1,2,3.

Since the left-hand sides of (4) and (5) do not vanish, it follows that

also none of the functionals fy, fi and g, does. Putting (8) into (7) we
obtain for the unknown functionals g; the equation

(9) g1 (1) g2 (23) g3 (0} + %) = 1.

These functionals are continuous in the weak* topology of Z* and
satisfy the conditions ¢,(0) =1 and g¢i(—a*) = gx(x*). This follows
from (8) and the same properties of characteristic functionals f; and f;,
(see [1]). Putting z} == a*,x; = 0 in (9), and then «f =0, @, = 2",
we obtain

(10) g1(x%) = go(0*) = 1/g5(x*).
Putting (10) into (9) we obtain for g, the equation
(11) g (@] + x3) = g3 (a7) - gs(a3).
Let now
(12) h(x*) = hy(@*) 4 th,y (%) = Ingy(z*),

where In is the continuous branch of the logarithm which satisfies the
conditions

(13) h(0) = hy(0)+4hy(0) = Ingy(0) =1Inl =0,
and h;(x*), j = 1,2, are real. Then equation (11) takes on the form
(14) hi(ay +wy) = hj(wy) +hy(wg), j=1,2,

where h;(2*) are real weakly™ continuous funetionals satisfying conditions
(13) and

(15) ha(—a%) = hy(@%),  hy(—a%) = —hy(a?).
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Then we see that hy(x*) = 0 and h,(z*) is a real linear functional
on Z* continuous in the weak* topology. By the Banach’s theorem (see
[2], p. 112) h, is of the form h,(x*) = x*(z,) with a certain fixed BoeE s
Using (10) and (12) we obtain that

(16) gs(@*) = ¢EV  and g, (%) = gy(a*) = ¢ T,
Finally, putting (16) into (8), we see that
(A7) fi(@*) = fj(@*)- e, j =1,2 and fi(@%) = f,(a*) T

where x, is a fixed element of 2. This ends the proof.

Remark. An analogous theorem can be proved in a similar way
(using Pontryagin’s duality theorem instead of Banach’s theorem)
if 2 is a locally compact abelian topological group. .
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