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1. Let f(n) be an integer-valued multiplicative function having the
following property: there exists a polynomial W (x) with integral coef-
ficients such that, for all primes p, f(p) = W(p). (Nearly all functions
usually used in number theory have this property.) For any prime g,
let 3(q) be the number of integers n (1 <<n < ¢—1) such that W(n) ==
0 (mod ¢q) and let R; be the set of all primes ¢ with g(¢) = ¢—1. If ¢"
divides N but ¢""' does not, then we write ¢"||N. In particular, ¢°|N
means the same as ¢t N. Finally, by N(n < 2: P) we denote the number
of positive integers » < x with the property P.

Generalizing a result of Scourfield [10], who considered the functions
f(n) = d(n), ¢(n) and o,(n), we prove the following

THEOREM 1. Let g be a prime and m a non-negative integer such that the
set {n: ¢"||f(n)} is not void. Then the following asymptotic evaluations hold:

(i) if q4¢Ry, B(q) # 0, then
Nn<aw: ¢"|f(n) ~ Ci(g, m)z(logloga)™ (loga)”,
where a = f(q)/(¢—1)—1;
(ii) if q4¢Ry, f(q) =0, M(g,m) # 0, then
N(n<a: ¢"|f(n)) ~ Culg, m)@(logloga)™~ (loga)™;
(iii) if q¢ Ry, Plq) = M(q,m) = 0, then
Nn<a: ¢"f(n) = 0@'?);
(iv) if qel;, then
N(n<ao: ¢"If(n) ~ Cy(g, m)w.

Here M = M(q,m)<m is defined in Section 3 and C;(q, m) are
positive constants (i = 1,2, 3). The value of C3(q, 0) is given by formula
(3) tn Section 3.



W. NARKIEWICZ

It should be observed that the set {n: ¢°[f(n)} is not void, as ¢f1
= f(1) by the multiplicativity of f(n). In the case (iii) of Theorem I one
can obtain asymptotic equality under more stringent assumption about
f(n), but we will not go further into this subject.

Theorem I implies the following

COROLLARY. If D is an integer without a prime divisor in the set R,
then, for almost all n, D divides f(n).

Indeed, if D = pit... pik with p;¢ R, then

k
Nn<w: Dff(n)) < Z N(n<w: pfitfin)),
but
Nn<w: piitf(n) =Z N(n < @: pjlf(n) = o(x)

by Theorem I and the corollary follows.

If D is square-free, it is possible to get more information about
Np(x) = N(n <x: D¥f(n)). In fact, we shall prove

Tuvorem IL. (i) If D is a square-free integer which has no prime
divisor in R;, then either

(a) Np(w) ~ C(D)x(loga)
with positive A and C(D), or
(b) Np(x) = O(x" %) with a suitable ¢ = 0.
(ii) If D is a square-free integer having prime divisors in R;, then
(¢) Npy(x) ~ C(D)x

with C(D) positive.

In the cases of f(n) = a,(n), ¢(n) or d(n), Theorem 1 and some
special cases of Theorem II were proved by Scourfield [10]. (Note that
Theorem 1T implies that in corollary 3 on p. 282 of [10] one of the in-
equality signs can be replaced by equality sign provided that D is square-
free.) For the function o,(n) with odd », Watson [11] proved earlier the
corollary stated above, which enabled him to prove a statement of Ra-
manujan, and Rankin [6] proved Theorem I for m — 0 and also some cases
of Theorem II. The function f(n) = d(n) was considered by Sathe [7],
[8], [9], who, among other results, proved that the constant (g, 0)
in Theorem I, (iv) is in this case equal to Z(q)/Z(g—1), if ¢ is an odd
prime (cf. also [1] and [2], where Cohen gave elementary proofs for

f(n) = d(n)).
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Our proof is based on two lemmas of Scourfield and a tauberian
theorem due to Delange [3] (cf. also theorem 3 in [10]). It should be
noted that the case m — 0 of Theorem T can be dealt with in an elemen-
tary way, using a theorem of Wirsing [12].

In Section 2 we collect the needed tools, in Section 3 we prove The-
orem I and Section 4 contains the proof of Theorem 11 and some exam-
ples.

[ am indebted to A. Schinzel for valuable remarks concerning this
paper.

2. We shall use a generalization of Tkehara’s theorem due to Delange
[3] which we state as

LemMA 1. (1) If @, >0, b is a real number and, for Re s > b, we have

Zan'nfs = (§— b)_‘”z1 g]-(s)logj(lj(s—b)),
n=1 7=0
where a is positive, ¢4(8), ..., g (8) are regular for Re s = b and g,,(b) + 0,
then

DNy ~b" g, (b)-I'(a) " (loglogx)™ (log ).

n<a

(ii) If ay, =0 and

o0 m
Dl ann™ = go(s)(s— 1)+ Ng;(s)(s—1) "% 4 h(s),
n—=1 7':1
for Re s = 1, where a is a real number not equal to zero or a negative integer,
Go(8)y ooy gu(8), h(s) are regular for Re s =1, gyo(1) # 0, and the ¢s are
real numbers not equal to zero or a negative integer, all less than a, then
D an~go(1)-I(a) e (logar)*.
n<x
(iii) If a, =0 and

D "= Y g;(s)log’ (1/(s—1))

n=1 7=0
Jor Res > 1, where ¢,(5), ..., gn(s) are reqular for Res>1, m>1 and
gm(1) # 0, then

2 a, ~ mg, (1)x(loglogz )" *(logx)~*.
n<x
Moreover, we shall use some results proved by Scourfield in [10]
for the case f(n) = o,(n), the proof of which uses only the multiplica-
tivity of o,(n) and so carries through without change to our more general
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situation. To state them we have to introduce some notation which
will be preserved in the sequel. Let ¢ be a rational prime and let

1 it ¢"f(n),

a’m(n) = A -
0 if  ¢"if(n)
for m =0,1,2,... Moreover, let
D (py8) = N an(p')p "

for Res >1 and p prime.

Following [10] we denote by % (m) the set of all systems (7, ry, ..., 7%)
with ;> 1 and r,-+ ... +7, = m. (We do not regard as different two
systems which differ only in ordering.) If ReZ%(m) and R has t distinet
elements oceurring mq, ..., m; times, respectively, then we have F(R) =
(my! ... m!) ",

LeEMMA 2 (Scourfield [10], Lemma 8 and 9). For m>1 and Res >1
we have

2 Wy (R)0"°

n=1

s Eajo(ﬂ)n_s- Z Z ”(D (piz 8 1—|—Q§ (pi, 5)) L
n=1 B=(r1,.00 rk)eél’(m) {Ply..sPLY 1=

where the asterisk indicates that the summation 1is extended over all
ordered systems (p,, ..., px) of distinct primes.

In the sequel, the letter p with or without indices is reserved for
primes exclusively.

3. First we prove Theorem I in the case of m = 0. The idea of our
proof is due to Rankin who proved this theorem for f(n) = o,(n) in [6].
As ay(n) is multiplicative, we have

200
- H (L+@o(p, 5) = [ [ (14 Bo(p, 9)exp{—ao(p)p~*}- [ [ expan(p)p~*}

vy v
for Re §>1.
The factor [](1+4 @y(p,s))exp(—ay(p)p~°) represents a function
D

regular for Res >1/2, and

[ ] expiaa(pip=*} = exp| ¥ ay(p)p~*}
P D

= expla@a+ Y ) Y 7,

j=1 p=j(mod q)

where ¢(j) =1 if W(j) = 0(mod ¢q) and &(j) = 0 otherwise.
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As for Res > 1 we have
p = (q—1) 'log(1/(s— 1))+ gq(s),
p=j(mod q)

where the functions g¢,;(s) are regular for Res > 1, we get, taking into
account the evident equality f(q) = ¢(1)+ ... 4 e(¢g—1), the equation

(1) Zao('n)nfs —- Hq(g)(,g_l)—ﬂ(fl)/(q—l)

with )

(2) -

Hy(s) = [ [{{1+ op, ) exp(—as@)p™)}-explao@a™"+ Y e(i)gas(s)},

which is clearly regular for Re s > 1, and not vanishing at s = 1.
If now f(gq) # 0, then it results by Lemma 1 that

Nn<z: ¢ff(n) = Zao(n) =H1)I' ' (a)z(loga)**

with @ = f(q)/(¢—1) and so Theorem I is proved in the case of m = 0,
B(q) #0 with M = M(q, 0) = 0.

If f(g) = 0, then f(n) is not divisible by ¢ only if either » is 2-full
(i.e. p|n implies p2?|n for every prime p), or n = gn, and n, is 2-full. This
implies

N{n<wzlgtf(n)} < N{n<an 2-full 4+ N {n < zq'|n 2-full} = O («'?)
by the result of Erdiés and Szekeres [4], who proved that N(n < x: n

2-full) ~ & (3/2)- & 1(3)-a'2.
Finally, note that for geR; (i.e. f(q) = gq—1) we have

Magm)n= = ¢(s) [ [(1+ Do(p,9)(1—p~°)

D

and the product [[ (14 @y(p,s))(1—p~°) is regular for Res>1. As
D
lim {(s)(s—1) =1, we get

8—1

N(n<a: qffn) ~[](1+@(p, 1) (1—p e

by the theorem of Ikehara (lemma 1, (i), @ = 1, m = 0), and so the con-
stant C;(q, 0) is equal to

(3) [] 1+ ®op, 1))@—p7Y).
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We have thus proved all assertions of Theorem I concerning the
case m = 0. Now let us turn to the case of m > 1.

For 2 =1,2,..., let t;,(q) be the number of integers = (1 < o < ¢
not divisible by ¢ and such that ¢'|W(z). Let A = A(g) be the set of
all natural numbers 4 with t;(q) # 0. We prove now

LEMMA 3. Let R = (ry, ..., ") eR(m), T1,...,"'ned(q), Tni1y.oes Tk
¢A(q). Then

k
Sr(s) = 2;* n D, (pi, $) (L+ Dy(py, 5))
Wy P> 7=1

is a polynomial Vg(t) in t =log(1/(s—1)) over the ring Q of functions
reqular in the closed half-plane Res > 1.
If the sum (which should be treated as 1 in the case it is void)

2* HQ p/: 1+@ (pn )) !

(DY Nos oo sPED T=
18 identically zero, then Vg(t) = 0. Otherwise
N

Vr(t) = Y AP ()1

=0

with A eQ,

A8(s) {Ht gyl N ] @ 9 (L oy, 9)

DIy N»--sPy F=14+N
and Ax(1) >0.
Proof. Note first that 1+ @,(p,s) does not vanish for Res > 1.

Indeed, for p # 2 we have (14 ®,(p,s)| > 1/2 in the closed half-plane
Re s > 1, and if @4(2,s) = —1, then

[oe] (e8] o0
1= Y ay(2)2" a,(2h27 < Yo7 =
j=1 =i i=1

which implies a,(2’) =1 for j =1, 2,... and, consequently, 14 @y(2, s)
=(1—2"%"1 %0 for Res>1.
Let us write for shortness

Pi(ps8) = Di(py s (1‘|‘¢ P, )) Y,

Note that
@) NMailp,ys) = Y Bi(p,5)— D i, ) Dy(p, 8) (L+ Py(p, 5))
vy D Vg
= D up "+ Y da i(pfdp—"*'—-Zcm(p,s)d%(zus) L+ ®(p, )"

= t:(q) ¢~ (¢" ") log (1/(s— 1))+ gi(s)
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where g;(s)ef. In fact, the series ) Z'ai(p"")p‘f"s converges uniformly
D j=2
for Res>1/24¢ (¢ > 0), the series

D2

converges uniformly for Res > log2/log3, as |14 @, (p, s)| =>1—(3°—1)"*
(where ¢ = Res) implies

Bi(p, 5)By(p, 8) (L4 Dy(p, 8) )| < (37— 1) (37— 2)~" (p°— 1)~

and the series D' (p°—1)"* is convergent uniformly for o> 1/2-e.

P#2
Similarly, for j > 2 and arbitrary i,,...,¢ we have
(5) D i (pys) e gi(py ) = hi, i (5)eR
n

Let now u,(p,s), ... be arbitrary functions of the form

p(p,s) =g (p,s)... ‘Pif(pﬂ $)
and let

SM(":”U'--"QUM)Z 2* WI(plfs)"'V)M(ers)'

P1secs P>

Then the following recurrence relation holds:

(6) Sy ey Yu) = Sl(”‘/)M)SM_l(V’U ceey Wa—1)—
M—1

— ) Saoa (s e Brors ViV Visrs oeey Par)-
f=1

Indeed,
Sl o) = D7 @59 v Puoy8) D pu(par, o)
PP pr—12 D pr#
FD1s e s Pr—1

M-1

= 2* Pi(P1y 8) e Yar 1 (Par—y, {Z‘/’M Pn, 8 2 wM(p,-,S)}
j=1

Dis.esPpr—1>

M-1
=S () Spr_1(P1y oy Y1) 2 Sar_1(y, - Wi Y PMy Wity ey YH—1)-
F=]
This recurrential formula implies jointly with (4) and (5) that
Sy (piy ..., ar) is a polynomial in log(1/(s—1)) over 2, and the degree
of this polynomial does not exceed the number of functions y,, ..., py
which are equal to one of the functions ¢; with ie.

Collognium Mathematicum, t. XVIII 15
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Now observe that for j < N we have
(7) S]’(‘Prly SRS (Pr (]Ytrz gt ))log (1/ s—1 )+U (IOg (1/ s—1 ))

where Uj(t) is a polynomial over 2 whose degree does not exceed j—1.
In fact, for j = 1, (7) coincides with (4) and the inductive step can be
carried out easily with the use of (4) and (6).

Now
k
*
(8) S = SR((P?‘ID ® 7‘7)rk == 2 17991'1 Diy ) Z ” (Pri(pi’ s)
Piy...s PNV = DN 150Dy t=N+1
DN 415+ Pp 7
FP1r PN
N k
* QL
= 2 n%'i(pi’ s) 2 ” Pr,(Piy 8)—
{P,....,PN> t=1 (PN 415Dy P=11+N
k
£
oy H% P 9) > [] onpiys) = A—B.
PNy = DON+1s- PR T=1+N

PN+1-0PINP, . P NIFD

Note that Si_n(pry, -0 ¢r)ef2 and so using (7) (for j = N) we
find that the term A in (8) (which is clearly equal to Sy(gr, ..., @ry) X
X8k N(Pry,ys-++3Pr)) 18 a polynomial in log(1/(s—1)) over  of the
degree N and with the leading coefficient equal to

k

(9) H(r o) Y ] e,

DL N> aPpD> t=1+N
except the case, when
*
[ o, 9)
DL NP> t=1+N

vanishes identically, in which case 4 =0. As ¢, (p;, 1) >0, we find
that

k
n @ri(pi71)¢0(pi’ 1)(1+@0(p771))—1 :O’
i=1+N
and so
k
D, (pi, 1)Dy(pi, 1) = 0
i=14+N
But
k
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is a Dirichlet series with non-negative coefficients convergent at s =1,
and so it can vanish there only if it vanishes identically. This implies
the vanishing of Sp and so proves the first part of our lemma.

Now assume that Sg does not vanish identically. The Lemma will be
proved if we show that the term B in (8) is a polynomial in log (1 /(s—l))
over 2 with degree not exceeding N —1.

Consider the set X of all functions #(m) defined on the set {N4+1,
N+2,...,k} with values in {1, ..., k} such that for everym = 1+N,..., k
either 1 <ax(m)< N or «(m) =m, and the set Z, — 1% 0 B
is not void. Then

B = ZSN-H("PU ceey YN1E)

reX

where t = k—N —Alel and where

Vi@, 8) = 0r, (9, 8) [ [ 01(p, 9)
52

for 2 =1,2,..., N and
vi(p, 8) = ‘Prj(py 8)

for ¢ = N+41,...,%k, where j is the i-th largest element of the set
{N+1,...,k}\Z, (|]Y| denotes the number of elements of the set Y).
It follows from the previous remarks that B is a polynomial over Q
in log(1/(s—1)) of the degree not exceeding

m§X|{1,2, vy NINA{2(N4-1), .., 2(k)} < N—1,

a8 Z; is not void. The Lemma is thus proved.

Proof of Theorem I. From (1) and the Lemmas 2 and 3 it follows
that

(10) M aw(n)n=* = H,(s)(s—1)~P@/@n Y F(R) VR(log(l/(s—l))).
n=1 Regp(m)
If Vg(t) vanishes identically for all R in #(m), then a,(n) = 0 for
all n, and so the set {n: ¢"|f(n)} is void. Assume thus that there exist

systems R in Z(m) such that Vg(t) == 0. Let M (q, m) be the degree of
the polynomial

Z’ F(R) VR(log(ll(s—l))).
Rep(m)

By the last lemma the leading coefficient of this polynomial does not
vanish at s = 1, and so the cases (i), (ii) and (iv) of Theorem I imme-
diately follow by Lemma 1. (Note that in the case (iv) we have f(q)
= q—1 and the set A(q) is void, whence M (g, m) = 0). In the case (iii)
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we have f(q) = 0 and M (¢, m) = 0;thus {;(¢) = 0 for all j not exceeding m,

and so we have ¢'*™|f(n) for every prime p +# q. It follows that ¢"|f(n)

can hold only if either » is 2-full or » is divisible by ¢ and n/q is 2-full.
The evaluation

N(n<a: ¢"|f(n) = 0 (@)

follows now in the same way as in the case of m = 0, which was treated
earlier. Theorem I is thus proved in all cases.

The number M(g,m) can be evaluated explicitly. For every
R = (ry,...,7)eZ(m), let N(R) be the number of the r’s belonging
to 4 (¢). Then Lemma 3 implies that
(11) M(q,m) = max N(R).

Re.}f(’m«)
VR(t)#0

It t,(q) # 0, then M(q, m) = m. Indeed, the system R, = (1,...,1)
belongs to #(m) and N(R,) = m, whence the equation M (q, m) = m
results from the observation that N (R) does not exceed m—1 for the
remaining systems R in %(m). Moreover, we have F(R,) = (m!)"', thus
in this case we get

Cilg, m) = (m!)~"" ()¢ ™ (¢g—1)""C1(q, 0)

and
Ca(q, m) = (m—1)) 6" (@)g " (q—1) " [ [ (1+Dy(p, 1)).
D
To evaluate t,(g), the following fact may be useful. Let w,,...,z,

be solutions of W(x) = 0 (mod ¢), not divisible by ¢, and for such z;’s
put

q it W'(x;) = 0(modgq), W(x;) == 0(mod ¢?),
s(e;) ={¢—1 it W'(#;) % 0(modg),
0 if W' (x) = 0(modgq), W(x;) = 0(modg?).

Then by theorem 123 of [5] we get t,(q) = > s(x;).
iS1

The second case, when it is easy to find M (q, m), arises when, for
infinitely many primes p, the function @,(p,s) does not vanish identi-
cally. If A, =infA>1, then M (g, m) = [m[A] = », say. Indeed, the

ReA(q) .

system R, = (4y,...,49,1,...,1) belongs to #(m), N(R,) =» and
v times

N (R) < » for other systems ReR(m). As
DY Bi(ps, 9) . Di(Drayr 9)

(P, ---,T)m_p;_())

does not vanish identically, the equality M (q, m) = » results.
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4. In this section, we prove Theorem II. First, we give an auxiliary
result, which is an easy consequence of ITkehara’s theorem (lemma 1,
(i), m = 0).

LemmA 4. If a, >0, ¢ >0 and Y a,n™® is regular for Res > e,

n=1
then D' a, = o(x°~%) with a switable positive e.
n<x
Proof. Let b be an arbitrary positive number at which the function

oo
D a,n~® is regular. Consider the function
n=1

(0" )™ = M agn™+ (s +1—b) = (s—b)""+g(s),

\%E

n

Il

where g¢(s) is regular for Res > b.
By Lemma 1, (i) we get

Dlay+n"=) ~a’ b,

n<w

and, as obviously Yn" ' ~a"/b, it results that

n<e

(12) Zan = o(a”).

n<a

s

But the regularity of »a,n”

n=1

series and the regularity of the sum for some b < ¢, as otherwise the

at 8 = ¢ implies convergence of this

(o]
abscissa of convergence for » a,n™*

n=1
would have a singularity at ¢ contrary to the assumption. Lemma 4 now

would be equal to ¢, and the sum

follows from (12).

Now we prove that one of the possibilities (a), (b), (¢) stated in The-
orem IT must hold. Let D = ¢, ... ¢ be the factorization of D >1 into
primes, let ep(n) =1 if Dff(n) and ep(n) = 0 otherwise, finally let
gg(n) =1 if ¢ff(n) and e,(n) = 0 otherwise. Clearly

%
ep(n) = 1—” (1— &g, (n))

and so with pg(n) = [Je,(n) we have
ajd

ep(n)n™* = — 3 u(d) 3 a(n)n”*

a\D
d+1

Nk

(13)

n

Il
—

for Res > 1.
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Evidently, o4(n) =1 if and only if (d, f(n)) = 1, thus the functions
0a(n) are multiplicative and we have

(14) S@m> _n@+2w )p7) = exp( Y ealp)p "+ gals))

vtd

with g,;(s)eQ.

If d =p,... p,, then as W(z) £ 0 (mod p;) holds for B(p;) residue
classes @ (mod pl) relatively prime to p;, we find that ( f(p),d) =1 holds
for all primes p belonging to one of 7(d) = f(p,) ... f(p,) residue classes
(mod d) relatively prime to d. Thus

D eap)p™® = T(d)y* (d)log (1 /(s — 1))+ Gy(s)

v1d
(where G;(s)eQ) and finally by (14) we get

o
Z Qd(’l’b)n—s = hd(s)(s_l)—AT(d)q)—l(d)

n=1

with hg(s)e2 and hy(1) # 0. Now (13) implies

ZED(”)’H_S = — 2 w(d)hg(s)(s— 1)~ T '@

dalD
d+1
and we may write
Y epn(n)n ZK (8)(s—1)"Fi K (s),

n

Il
—

where the s are distinct real numbers, none of which is equal to zero
or a negative integer, K;(s), K (s) are in 2 and K;(1) # 0. If the sum

D Ej(s) (s~

is not void, and f = maxpg;, then Lemma 1 implies

Nep(n) ~ C(D)z(loga) !

UES

and otherwise
Z (n)n=° = K(s)ef

and by Lemma 4 we get Yep(n) = o(x'~°) with a suitable positive e.

We have thus proved that one of the possibilities (a), (b) or (¢) of Theo-
rem II must hold.



DIVISIBILITY OF MULTIPLICATIVE FUNCTIONS 231

Now observe that if D has a prime divisor ¢ in R;, then by The-
orem I, (iv), we have N (n < x: ¢ff(n)) ~ Cx with some positive C, as
the set {n: ¢{f(n)} contains n =1, and so is not void. Consequently,
Np(x) = C;xz with some C; > 0, which excludes (a) and (b) and leaves
us with (¢). If, however, D has no prime divisors from R;, then by the
Corollary we have Np(x) = o(x), and thus (c¢) is excluded, and so (a)
or (b) must hold. The theorem is thus proved in all cases.

We conclude with some examples. Let first f(n) = di(n) be the
number of solutions of #,...2, = n. Then for a prime ¢ > 1+ %k we easily
get by (3) the relation

(16) N(n<w: qtde(n) ~(E(9)[2(g+1— ).
(In the case of k = 2 this was obtained by L. G. Sathe).

For f(n) = ¢(n) we get
(17) N{n <a: 2"™p(n)} ~ ((m—1)1)7*-3-27""x(logloga)™ ' (logx) ™'
for ¢ =2 and m >1, and
(18) N{n<a: ¢"lp(n)} ~ Cyi(g, 0)(m!) ¢ "w(loglogz)" (loga)~ =Y.

for primes ¢ +# 2 (this was proved in [10] by Scourfield).
For the Jordan’s function J,(n) = #’[[(L—p~?) we get

PN
(19) N{n<az: 3"|Jy(n)} ~((m—1)!)~"-2-(2/3)"*"z(logloga)"* (logz) ™
for m > 1, and
(20) N(n<z: ¢"|Js(n) ~ Ci(g, 0)(m!)"}(2/g)" x(logloga)™ (loga) =1
for ¢ # 2, 3.
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