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AND DEATHS IN A BIRTH AND DHEATH PROCESS
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1. Introduction. In this paper, we consider pure birth and death
processes and the problem is to find explicit formulae for the probability
Pum (1) that there are m survivors and »n deaths at time 7. Also the problem
of evaluating the probability p_,(t) that there are n deaths is consi-
dered.

In my previous paper [2], a procedure was presented to evaluate
probabilities p, (1) when the birth rate A(f) and the death rate pu(t)
are independent of time. This procedure consists in considering the system
of differential equations for the partial generating functions

(u,1) Y Ponnl

Now we shall show that this method can be also applied when the
ratio o = u(t)/A(t) is independent of time. However, the exact formulae
are complicated. Therefore approximate formulae for p ,({) that are
applicable for o cloge to unity or for large ¢ are presented.

Steinberg and Stahl [3] have given formulae for p ,(f) when A(t)
and u(t) are independent of time and ¢ is equal to 1. The first approxi-
mate formulae for p ,(t), when o is independent of time and close to
unity, have been given by Gani and Yeo [1].

I would like to thank Professor S. Zubrzycki for his care in cor-

recting the manuscript.
2. Preliminaries. In this section, we shall consider the gystem

0G,(u, 1) 0G,_1(u, 1)

—().(t)uz—ﬁ(t)u)——T = y() !

0Gn (U, 1)

(1) o
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of partial differential equations coupled with the boundary conditions
Gy(u, 0) = u, G(u,0) =0, Gy(u,0) =0,... For n <0 the function
G,.(u,t) is defined to be zero. Functions A(t), #({) and y(f) are assumed
to be defined and continuous for ¢ > 0. The function A(¢) is supposed
to be positive for ¢ > 0. Throughout the paper, it is assumed that
t)/A(t) is independent of time. Our problem is to find explicit for-
mulae for G, (u,t) satisfying (1), where n = 0,1,
In the sequel, we shall consider the classes 2, of finite sequences
defined by induction as follows:

2[1 - {(2)}5
2) &M = (&M, ..., eM,, 2), where & equal 0,1 or 2, is contained
n—29 ’ (4 q b/ b
k times in 2, if there are k sequences "V = (", ..., &'5Y) in A,

such that for each of them (e{"~"—&l", .. ,s(”“”—e(") ) is composed
of n—2 elements equal to 0 and one element equal to 1.

The number of elements in the 2[,’s may be evaluated by using
the following evident recurrent relations:

If a{” denotes the number of elements in 2, that include exactly &
zeros, then

agn,) . a‘()n— 1)’

(k+1)a* D+ (n—2k)a"® for k=1,2,...,n/2—1,
0 for k=n/2,n/241,...,n,

ai™

and

agn) - a(()n4l),

o = (k+1)al* Y+ (n—2k)al3) for k=1,2,...,(n-3)2,

) 1
a{ﬁ_ )2 = a((::ﬁs))/zy

al™ =0 for k= (n—1)/241,...,n,
for even and odd =, respectively.
Define

Ud
dexp (oA (t) —A(ty) }+[1—exp {8(A (1) —At))}]w

}_](/”’s 119 1’0) -

where

t
) :f(m)dm.
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Note that
(2) H[-H(“atzatl)atuto] = H("‘St25t0)’
0 H(u,t,,t)\
(3) S H ) = (—u ) exp {8(A (1) —A (W)}

H(u,t,,0)

H (uy 1y, 1) ) (1 —exp{—0d4 (i)} exp {04 (1)}

au K "

0 (H(u,tl,())‘) B 1(

THEOREM 1. For the G,(u,t) satisfying (1), we have the formulae
(5) Go(u, 1) = H(u, 1, 0)

and, for n >1,

th th—1 fh no1
® Gt = [ e [ ] [rasespioay
0 0 0 i=0
on—b(el) 17 ((H (e, 1, 0) " 2™
s 2 2 LO] (fﬂm) (1 —exp{—adA(t)}) dty ... dby_1,

e(M)ey n

where b(e™) is the number of elements in ") equal to 2.
Proof. If n = 0, then (1) reduces to

oy 1)

Wol: 0 (3 tyur—p (o) i@a“

ot

= 0,

with @,(u, 0) = u as the boundary condition. Tn order to solve this
equation first find the solution of

di du

1 A)ur—pt)u’
Because & = f(t)/A(t) is independent of time, we obtain

5
T 1tcexp{—oA(t)}’

(7) n

where ¢ is a constant. Hence

ud
dexp {84 (t)} + (L —exp {84 (o)} u

Go(u, ty) =
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Now we proceed to prove (6) by induction. For n = 1, we can solve
(1) in the standard manner to get

4 t
Gi(u,t) fy (—O—Q—E—L))do,

where

= 0(1+cexp{—oA()})~"

and ¢ has to be taken from (7).
Eliminating ¢ and writing ¢, instead of ¢ leads to

h
Gty t) = [yt [

with v = H (u,t,,t,). This, by (2) and (3), yields

31

B H(u,1,,0)\’
Gy(u, ) = 6{ 7 (t) (m) exp{dA (&)} dt,.

Thus (6) holds for n = 1.

Now we are going to prove that if formula (6) holds true for »n, then
it holds true for n-+1. By applying for » > 1 the standard method, the
solution of (1) is found to be

bt

Gw{-l(/u” 1"1'1.4-1) - f }"(tn)(

0

aGn(“’y tn))
= a. o d'n?
ou

where w = H(u,t,.,,t,). Since, by the inductive assumption, expression
(6) holds true for », this formula can be rewritten in the form

G (W, tyyy)

tht1 tn n—1
= 1ff fy ”y )exp{dA(t;)} <

n—1 ()

X y o~ b(eM) i (” (H(u” tny 0) )ei
d ou \1 H(u,t,, 1)
i—0

a(n)e*?[n

(1 wexp{—é/l(ti)})2‘£§n))dto oty

where u = H(u, t,,,, t,).
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¥

By definition of 2, and because of formulae (2)-(4) we get
n—H ty n

G (U, o) = 6”f f f”y ) exp {84 (t;)} 2 gn+1-bet )

g+ 1)egr n+1
(n+ 1)

u/ tn+1, )1' 9_ (n+41)
1—exp{—dA(t; * dt,dt, ... dt,.
[I(H(“ tat1y i) ( Pt ( H) v

This is the desired formula (6) for n-1.

COROLLARY 1. For every n = 0, there exists a system of n+2 functions
w6 (1), V(1) ..., (1) such that solution G,(u,t) of (1) can be
presented as

1
(n)( )+ — y)(“)(t) U+ ... —'—?_{_'f ?Pg?l(t)un+l

(8) Gu(u,t) = 51

[1 = (1 —exp{—M(t)})u]n+1

Proof. For n = 0, we have

Go(u, ty) = .
TV dexp{8A(t) +(1—exp {84 (1)} u
or
(0) i (0)
) o () + v (tu
Go(u, t) =

a ) %(1 —exp {—d0A(t)})u

where 3" (t) = 0 and (" (t) = exp{—64(t)}. Thus (8) holds for n = 0.
For n > 1 formula (8) is a consequence of (6). In fact, since

1
Hu,t,,0) 1—E(l—exp{—6(A(t1)_/1(to)”)u

H(u,t,,t)

6""(‘0)’
1
1— 5 (1—exp{—d4(t,)})u

formula (6) reduces to
thitn—1 t n—1

1
Gn(u,tn): 1 n+1ff f”y dA(t'p,)X

6"“1[1 = (l—exp{—a/l(tn)})u] 0 i=0
n—1 ‘
™, .
e("’)c?!n i=0

¢ Z—B(n)
X(1—e 26N qto... dt,_,.
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Whatever is the sequence &™e2l,, the expression under the inte-
grals is a polynomial of degree n-+1 with respect to «. Thus this formula
can be presented as (8).

COROLLARY 2. The coefficients @un(t) of the expansion of G,(u,1)
can be presented in the form

1 i 2 iu) f/

=0
where j = min(m, n-+1).
Proof. This can be readily deduced from (8).

Remark 1. We would like to note that this procedure can be
applied to obtain the formulae for gu m,...m,(?) arising in the
expansion of the solution G (ug, ..., ux,t) of

L oG 06 N
— (A —pB ) == w7 =1,

0, ou, -

with @ (ug, ..., Uz, 0) = u, and also in the expansion of the solution
G(Ugy +ovy Ug, ) Of

OG
(l uo)—_ 2 yilt 6110611 P2l

with G (wg, ..., Uy 0) = U,.

3. The exact and approximate formulae. Let us now consider a pure
birth and death process with birth rate A(t) and death rate u(f) and one
alive individual at time zero.

Let

(u,v,1) 5: Z.o‘pm,n(t)umv"
m=0 m=0

be the probability generating function of the considered process. It is
known that

oG

) — A () w2 — (A(8) 4 p (1)) w A-p(t) 'n]—

and G (u,v,0) = u. When ¢ = u(t)/A(t) is independent of time (this will
be assumed throughout the paper) the solution is (see [1])

(18 (0)) (w—n+8 () — (n— B (0) (u—7y — B () *4O°
u—n+9¢(v)— (““‘77* 6(1})) L2ADP()

where 9 (v) = 3[(1+p)2—40v]" and 5 = (1+0)/2.

G(u,v,t) =

I
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Because the explicit formulae for the involved probabilities p,,,(t)
and p_,(f) cannot be obtained from this formula, we propose (see [2])
to use theorem 1.

The differential equation for the generating function G(u, v, 1) can
be split into a system of recurrent partial differential equations

)Gn

04, G+
a0y =

= u(t
ey p(t) u

IZ uﬁw((H—‘u )MI B=031y::

coupled with the boundary conditions 6Gy(u,0) =u, G,(u,0) =0,
Gy(u, 0) =0, ..., where

(Tn " t men

System (10) is the system (1) with g(¢) = A(f)+u(t) and y () = u(?).
Formulae (5) and (6) reduce to

1
am-u
(11) Go(u, 1) = (1 to——
==
— u
1+o
and
" th—1 t n—1
0 t;
1+Q
n—1 an)
- szl_b(e(n))”[I_ 1 (1_(13(14-@)/1(%))“] X
A L 1+e
ell»‘:.?(n =0
—(1+g)el™ —&®)
e U0 (1 P A TR TR
respectively, where a = exp{—(1+p)A(t)}. Introducing the wvariables

& =exp{(1+o0)A(t)},i =0,1,...,n—1, leads to

a=1ép—1

(13) Gu(u,t) = (1+i;2"_i ( i )an f f 22n—b(e(n))><
1—

T e,

n—1 (")

11 (1 : 1) =g, ... a
Bl s B 7 1 ) v 0Sp_q-
XU[& 1+9(5i a)@r] ( 5@') 0
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Thus from corollaries 1 and 2, we get for m, n = 0,1, ... the formulae
n j .

- 0 m-+n—1 =1 (1)

pm,n(t) = (1+9)2n+m_1 MZO( 7 )(1 ) D7 (t),

where j = min(m,n-+1) and
W 1 n-41
. 0 n-H1—14 gp(n)
t) = = e ) (LHo) o).
P (1+0)™ " (ota)"™

DM (t), ..., D), (t) can be evaluated by integration from (13). Unfor-
tunately, the evaluation of these functions is extremely tedious.
In particular, for n = 0,1, 2, we get

. ®y) =0,
o = as
o) =1—a,

PP = —2(1—a)—2alna,

P = 1—a2+2alna;

&P = (1—0a%)+2alna,

PP = —3(1—a?)—2a(2-+a)lna+2alna,
45(22) = 3(1—a)?+6a2lna—2a(2+4a)ln?a,

PP = —(1—a)?(1+a)—2a(l—a)lna—2a(l+a)lna
and
) = (1 ¢
p.,o)—(+9)9+a’ |
() = o (1—a)(e*+a)—2aplna
A (o+a)? ’
92
ot _——
Bkt A+
y (1—a2)(g3+a)—2a[g3+a——g(1—Q)(l—a)]lna+29a(g—~a)ln2a
(o+a)?

Explicit general formulae for the p ,()’s are known only for
o =1 (see [3]), namely,

- 1
(2k+41)*x® 4-4.4%(2)

k=0

(14) P o(t) = 1—84(1)
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and, for » > 1,

- _— (2k+1)2=2
(15) Palt) = 2¥"+1? t)Z [(2k+1) 2 2+4;;2( )]n+1 .

Now we proceed to derive approximate formulae for p ,(f) that
are applicable for o close to unity or for large ft.

THEOREM 2. If afp < 1, then

,, i 3 1
(16) P.oll) = §(1+Q)(1_4@g (2k+1)2w2+@2)’

and, for n =1,

22n+ 1 n

17) pa(t) = ——
(17) p.a(t) = (1o
where @ = (1+490)A(t)+1Inp.

Proof. If o =1, then (14) coincide with (11) and (15) with (12).
Hence for 0 << a << 1, we have

3 (2k+1)*=?
2041 - B .
e ;[(2k+1)2n2—}—@2]”+1 +0[(1—p)aln" "a],

24 > 1
18 % =144 2
(18) e T 2 k)
and
=1 8y 51"’) 1 2_51('")
(19) f f f 2 on— b(e(™) ( a) (1 - _E_) A&y ... déy_,

1 ("’)e“[

- n+1(1_+_ nHlntm 1 2 Zk_|_]_ 22 i
- [(2k+1)2m2+In2a]" ™!’ =1,2,...

Formula (16) follows from (18) by substituting a/¢ instead of a.
In order to prove (17) split integral (13) into two parts

-1 &
n n—1

kb (1+QQ)M_1 (1+a1/9)"'+11f f f 2 2

1 (")e?[

(n) 2—5("’)

j(i a) (1 i) Vg g, 1
4 \¢ £ LT (14 0)™ !t (1 4-afe)" !

n—1 e(_n) 2+-e(.n)

T S [flea) i) s
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Using (15) with «/p instead of a leads to

" oo
© i e B (2k4-1)2r?
p.,n(t) = im 2" 't — 2 , 2.2 | 1n2
(1+0) @ & [(2k+1)*m*+In*afe]

nrl + Ry (a,0),

where R,(a, o) denotes the second term in the right-hand side of (20).
We will prove (17) by showing that

(21) Ry(a, 0) = O[(1—9)In" a].

The functions that correspond to the particular sequences ™2,
in R,(a, p) under the integrals are sums of expressions of the form

aL

Eﬁ"l Efls y

where f; equal 1 or 2 and 0 <s < n, multiplied by some constants.
In order to prove (21) we shall find the minimum value of L for a fixed
sequence (fi, ..., fi)-

Take any sequence ™ e2l,. Let n,, n,, n, be the number of elements
in ¢™ equal to 0, 1 and 2, respectively. Note that we can write n, = k,
n, = n—1—2k and n, = k+1 with k within limits 0 <k < (n—l)/2.
Let r, and r, be the number of 1’s and 2’s in (f;, ..., fi,), and m,, m,
and m, the number of 0’s, 1’s and 2’s in the subsequence (Y
of ", respectively. Define r = r;+2r,. Finally, let r; be the number
of pairs (&, &), 1 = i,, ..., 1, that are equal to (i, j), where ¢ =0,1,2
and j =1, 2. Then r; = ryj+7r+7ry for j =1, 2.

1t is clear that for the considered sequences (f;,..., ;) and ™
the power L in (22) is equal to

n—1—2k—m,+2(k+1—my) 47y

(22)

Since my+m,+m, = 8 and 7,,+ryy = m,, we get
L =n+1—(8—my)—7y,.

Thus L depends on &) and (B, ..., ;) only through m, and 7.
Since the smallest possible value of m, is 0, and the greatest value of
7y, i8 attained when r,, = r;, = 0, or equivalently, when r,, = r,, and
sinee r, = s—r, we get

infl, =n41—r.
Relation (21) follows now from the formula

i En n—
flf‘ f ﬁ” i 50...d§n_1:0[(1_9)11n_1ra]’

where, as previously, r = Zﬂ@j-
i=1
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