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The reader should not be misled as to the importance of this paper
by the number of its authors. It is simply a result of their common talks.

In a torsion free Abelian divisible group G there is a uniquely de-
termined multiplication of elements by rational numbers. By a metric
group we understand here a group with an invariant metric, i. e. with
a metric o(ax,y) such that o(z,y) = o(x+a,y+a). We write ||
= o(2,0). If G is metric, complete and separable, then x, — 0 implies
wzx, — 0 for every rational w. It is obviously sufficient to show this for
w = 1/m (m integer) and in this case it follows by putting H = G and
@(x) = mx from Banach’s theorem on the continuity of inverse opera-
tion ¢!, where ¢ is a continuous isomorphism of G onto a metric and
complete group H (see [1]). If ¢ is not separable, then z, — 0 does not
imply wz, — 0. However, the following theorem will be proved in the
sequel:

THEOREM 1. If G is a metric and complete torsion free Abelian divisible
group and if im(y/n) = 0 for every ye@, then x, — 0 implies wx, — 0

n

for every rational w.

Thus a group fulfilling the assumption of Theorem 1 becomes
a metric linear space over rationals if and only if the following condition
1s satisfied:

(*) w, — 0 implies w,x — 0 for every .

In this paper we are concerned first of all with the following problem:

(Q) Is it possible to drop condition (%) in the characterization of
a linear space, i.e., does (x) follow already from the assumptions of
Theorem 17

The answer is “yes” for locally compact groups but “no” in general,
as is shown by following theorems:
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THEOREM 2. If G is a locally compact (may be non-metrizable) torsion
free Abelian divisible group, then, for every we@, lim(x/n) = 0 implies
w,x — 0 whatever be a sequence of rationals w, — 0. "

THEOREM 3. There is a metric complete separable torsion free Abelian
divisible group such that lim(x/n) = 0 for every x but w,x /> 0 for some w

n
and some sequence w, — 0 of rationals.

The first section contains the proof and discussion of Theorems 1
and 2, the second is devoted to the proof of Theorem 3, and the third
deals with some unusual metrics in the group L of reals. This question
has been suggested by the reasonings used in the second section.

1. Proof of Theorem 1. Assume to the contrary that for some
sequence of elements and some integer s we have x, — 0 but |z,/s]
>0>0(n=1,2,...). We construct by induction a sequence {y,} such
that 3
(1) I|yn_yn~1H < ?’
1
;,; Yn

) s

1 1 .
>(+) for ¢ < n.

Put y, = ,. If y, is already defined, then if

1 1
>0 Z+§"—+—1’

we put y,., = ¥, and satisfy in this way (1) and (2); in the opposite
case we choose from the sequence {r,} a term x such that |jz|| < 6/2"'s"
and put y,,., = y,+xs". Then (1) is satisfied; moreover, if i < n, then
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On account of (1) and in view of the completen@ss of @ there is a limit
y = limy,. For ¢ < n we have either (y,.,—¥.)/s' =0 O (Y. 1—Yn)/s"
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Therefore for any ¢ the sequence {y.n/si}nﬂ,zw is fundamental. Since
is torsion free its limit is equal to y/s'.

From (2) we obtain ||y, /s’ = 6/4 for ¢ <n and so |ly/s'|| > é/4 for
every 4 which contradicts the assumption y/n — 0.

Let now £ denote the “solenoid”, i. e., the dual group to the group I?
of rationals. There are two kinds of elements in R: the “regular” ones
which correspond to those characters of R which are continuous in the
natural topology, and the “irregular”, corresponding to non-continuous
characters of R. If x is regular, it can be represented by an exponential:
x = u,(r) = e (A real, reR). According to [4], p. 177, every x is repre-
sented by a character defined for any prime p and any integer m > 0 as

1 > 1 m—
(3) X(?g) = qxp2ﬁ©[?ﬁ (T+k'p,0+k1),1p+'--+kp,m—lp 1)]’

where 7 is a real number and {k,,} a double sequence of integers such
that 0 < k,,, <p.

LEMMA 1. If xeR and limx/n = 0, then x is regular.

Proof. Obviously limz/n = 0 means limy(1/n) =1 and limy(1/p")

n n

— 1 means that the expression in brackets in (3) tends to 0 or to 1 for
m — co. However, it is easily seen that this is impossible unless for m
sufficiently large we have constantly k,,, = 0 or constantly Ek,,,m =p—1.
Both these cases lead to the issue that there is a real 7, such that
7 (1/p™) = exp(2nit,/p™). It is to be proved that 7, does not depend
on p.

We take two primes, p and ¢. If n = p°¢/, then

1 a b

P
with 0 < a < ¢, (a,q) = 1. We fix t. If s —> oo, there is a number a,
with (ay,q) =1 and an infinite sequence {s;} such that 1 Ipkqt
= a,/q' —by/p*. We have

. 1 . At b T,0
hmx(—s‘——t) = limexp2ni (—’%ﬁuifo) =1
kT \pkq k p*  q
and since
. b @,
lim—- = —,
k pk
we have
- % LT, Tyl
limexp2mi-2~ — exp2ni—2— = exp2ni ——r.
P p pSk p qt p ¢
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Thus (z,—1,)/q is an integer. Since ¢ is arbitrary we have 7, = 7, and
the lemma is proved.

Proof of Theorem 2. Suppose first ¢ is compact. The (discrete)
character group G of @ is divisible, since @ is torsion free, and it is torsion
free, since (7 is divisible (see e. g. [4], p. 164). But then & is a direct prod-
uct of copies of the group R ([6], p. 149). Consequently, G is the Carte-
sian product of copies of R. Thus for compact groups Theorem 2 can be
reduced to the case G = R.

Suppose xzeR is regular and z = ¢'”"; then w,z = ¢™", If w, >0
we have lime”™»" — 1 for every r, which means that w,z tends to the

identity element z, =1 of R. If x is irregular, then x/n — 0 fails to be
true as is shown by Lemma 1, and so Theorem 2 is fulfilled in vacuo.

If G is generated by a compact neighbourhood of the identity, then
it is the direct product of a compact group and a vector group ([7], 39).
Since Theorem 2 holds for both factors (being trivial for the vector group)
it holds equally for @.

Finally, every locally compact group contains an open subgroup
G, = (7 generated by a compact neighbourhood of the identity. Obviously
w,x — 0 is possible solely for xe@,. Thus, Theorem 2 is proved.

The reader possibly observed that in order to obtain the announced
positive answer to (Q) for locally compact groups Theorem 2 is “too strong”.
It would be enough to point out just one element xzeR for which xz/n
does not tend to the identity. An example of such element can be found
in [4], p. 180. For the rest of the proof the group structure and duality
arguments used in the proof of Theorem 2 would be sufficient.

2. No routine reasoning of this kind enables us to prove Theorem 3
and so to obtain the claimed general answer “no” to the problem (Q).
Here there is a need for an example and the construcmon we will use
rests essentially upon the next theorem.

THEOREM 4. There is a function N (r) defined for rationals and having
the following properties: ‘

(1) N(0) =0, N(r) >0 for r #£ 0,
N(ry+7;) & N(ry)+N(ry),
N(—r) = N(r),
N(wry) — 0 if N(r,) — 0 for every rational w,
N

(i

i)
(iii)
(iv)
(V) N(kr) = N(r) for every integer k > 0,
(vi) th (r/n) =0,

)

(vil hm sup N (r) = oo.

r—0
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Obviously property (vii) is “punctum saliens”. Before we proceed
to the proof itself we shall establish two lemmas.

LEMMA 2. Let s

n &;
_— DR
m o a;

where n, m and a; are integers and & = +1, 1 <a; < ... < a5 n # 0,
m > 0. If t is the least number for which
t

n &
(4) — = =&,
@ i=1 &
(and so t < 8), then
(5) a; < (mt)® " for each i <1.

Proof. We proceed by induction with respect to 4. From (4) it
follows !
n 1 14
Sl Vo<
m ‘ a; a4
1=1
hence a, < tm/|n| < tm. Let now (5) hold for i =1,2,...,7—1 (j <1).
By the definition of ¢ we have

i—1
n 2 1 &
S — | > 0’
M ey
1=
hence
i1 { i fuit
n &; t—1 i1
(6) —— E'-’ S (mt)~* = (mt)”* "
m ed @ may...a;_, ml m
=1 t=1
On the other hand,
i—1 t 4
. n & & ) I /
(7) EoNEI I ME < M <
fm a.. - . a
i=1 " = % = ¢

From (6) and (7) we get a; < (mt)ﬂ_l, which ends the proof.
7 ;2
LuMMA 3. Whatever be the integers j > 0 and k > j, the number 3k *
8 i =1

cannot be written as D) (e;]a;) with s < j.
i=1
The proof will be by induction with respect to j. For j =1 there
is nothing to be proved. We suppose that the assertion holds for

j=1,2,...,p—1 (2 <p < k—1). Assume to the contrary that

» r
] E:
Tep = g Y = E'i with — » < p.
=1 = &
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Then
p—1

2 1 i2 EWEL 1
(8) k™ ¥ = Tk sp—l T —
a; k2p

i=1

Thus, Ty, , is represented as the sum of r+1 non-zero terms.
Hence no sum of r terms among them can be equal to Typ_,. More-
over, since r < p—1, the inductive assumption forbids any sum of less
than r terms to equal 7}, ,. So we can apply Lemma 2 to the second

_1)2 o2 :
equation in (8) putting m = KO yt=8=r+1, @, , = 5l Taking
in account that r <p—1 <k we obtain from (5) for ¢ = r-+1 the
inequalities

2 T 3 102 _ %
B < T )P < O o
This contradiction achieves the proof.
Proof of Theorem 4. We put

8
N(r) = ian(Ioglogagez)“m,
=1

where the greatest lower bound is taken with respect to all representa-
s

tions of » in the form > (/a;). It is obvious that
=1

(9) "l < N(r).

This yields property (i). Properties (ii)-(vi) are clearly satisfied.
One has but to prove (vii).

1f
%
% _21'2 &;
P == zk = E; (a; <ay <. < ay),
i=1 i=1 ¢

then on account of Lemma 2 we have for some t < s the equation

- —2 < 1 <i<y.

=

By Lemma 3 we have ¢ > k. Hence

1241 50—1
a; < (0 ).

Choosing an « > 0 so as to have (1+4a)log2 < 1 we get

(l+a)t2

<t = O(expexpt?).
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Hence (logloga;e®)'® = O(¢**) and finally, as t < s,
g t 18

t
o2\ —1/3 2\ —1)3 -
g;(logloga@e) >g(loglogal,e) = 0 T 0a)

S

Thus, we have for any representation of r, in the form >’ (e/a;)
i=1

and for a suitable ¢t the inequalities

8

2(log]0gaf02)’”3 > et'® > cek'®  where ¢ >0.

1=1

Therefore N (r;) > ck'®. Since limr, = 0, property (vii) is fulfilled.
k

Proof of Theorem 3. On account of Theorem 4 the group R with
the (unusual) metric o(r,,r,) = N (r;—r,) fulfills all requirements of
Theorem 3 except completeness. We enlarge it to a complete metric
group I' by applying the classical Cantor process and extending the
group operation by continuity. Obviously I" is separable. From (v) it
follows that I" is torsion free. Owing to (iv) it is also divisible. In faect,
if a sequence {r,}, r,eR, is fundamental in g, then, for every integer Fk,
{r,/k} is fundamental, too. Conditions (v) and (vi) imply im ¥ (x/n) = 0

n

for every wel. Finally, (vii) implies the existence of an x (e.g. x =1)
and a sequence 7, —> 0 such that N(r,z) does not tend to zero. Thus,
I" has all desired properties.

3. From (9) it follows that a sequence of rationals which is funda-
mental in p is also fundamental in the natural metric. Hence, to every
element xel” (with limo(x, r,) = 0, say) there corresponds a real number

n

¢(x) (ordinary limit of {r,}). This correspondence is a continuous homo-
morphism of I" onto a subgroup I, of the group L of reals.

A modification and actually a simplification of the construction
described in Section 2 may be studied in order to exhibit another pheno-
menon, namely an effectively defined complete metric in the group
of reals which is neither discrete nor equivalent to the natural metric.
If 8 is the group of the dyadic rationals, reS and

k

(Sn
r=2— (k < oo, 4, =0 or 1)

n=1 2
we put N . 5
Dr) = Z =
— n—+1

For other reS we define D(r) =1 if r >1 and D(—r) = D(r). The
“norm” thus obtained in the group S fulfils obviously conditions (i)
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and (iii), where D is substituted for N. The triangle inequality (ii) needs
a verification, which, however, reduces to a simple arithmetical compu-
tation we omit here. But also condition (vii) is satisfied, because

1
Ty = 2 — =0 and D(ry) — oo.

Like for the norm N we construct a complete group 7' starting from S
and applying the Cantor process. This is not a divisible group but it is
not the point we are now interested in. We rather emphasize that D
fulfils (9) for |r| < 1 and hence a continuous homorphism y: 7 — L
can be defined with respect to D just in that way as ¢ was defined with
respect to N. If H denotes the kernel y~1(0) « T of y, then T/H is algeb-
raically isomorphic to T, = »(T). If xeT and o* = -+ HeT/H, we put

D*(x*) = inf D(x+v).
yeH

With this norm and with the metric o*(«*,y*) = D*(z*—y*) the
group T, becomes a complete metric group. The proof is a routine.

The norm D* induces a norm in u(7) by isomorphism. We can
extend it to the whole of L by putting D(a) = D*(a) for aeyp(T) and
D(a) =1 for aeL\T,. 1t is obvious that L with the (invariant) metric
¢ (a, p) = D(a— B) becomes a complete metric group. The metric 0 Was
constructed quite effectively. T, is a Borel set and D*(a) and so D(a)
are B-measurable functions. In fact, ae7, means that there are sequences
{re}, reeS, fundamental in D and such that 7, — a (in the usual sense).
But if such sequences exist and if

g == =
2%

n=1

k
On

n=1

is one of them as follows from the definition of the norm D and from
the fact that for every & the digits 6, of dyadic rationals, sufficiently
close to a, coincide with those of a for n =1, ..., k. So T, is equivalent
with 3 (8,/n) < co. The same remarks and the definition of D* lead
to the conclusion that for aeT, we have D*(a) = D (6,/n).

n

However, the metric ¢ is not topologically equivalent with the
ordinary metric, since in view of 7, # L it is not separable. Thus we have
proved

is irrational, then
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THEOREM H. In the group L of reals an invariant metric o can be effec-
tively constructed so that L is complete, non-discrete and non-separable.
The function o(a,0) is a B-measurable function of a.

Remark. Theorem 5 could also be proved starting from the norm XN,
introduced in section 2, and using the group I'; instead of 7',. However,
the reasoning would be much more complicated. The essential difficulty
consists in proving that I'; does not equal L, i. e., that there are numbers
not of the form ¢(z), zel". We are indebted to P. Erdés for having
accomplished this proof by showing that I', consists of Liouville numbers
only. This result, quoted here with its author’s consent, seems interesting
for itself. Herefrom can be easily deduced, by a purely topological argu-
ment, that ¢ is not one-to-one.

We notice that a separable complete Borel metric in L must be
topologically equivalent with the usual metric. Here is the reason for it:
if p*(a,0) is B-measurable, then U < L denoting a p*-open set and ¢
the identity map of L under the usual topology onto L* (i. e., L metrized
by o*) the set ¢~'(U) is Borel in L. If L* is separable, then according to
a theorem of Kuratowski ([H], p. 306) ¢ fulfils the Baire condition, i. e.,
it is continuous on a set L\ Z, where Z is a set of the first category. But
then 4, being an isomorphism of one complete group onto another,
must be continuous ([2], p. 23), and, since L 1is separable, ¢ is
bicontinuous [1].

On the other hand, there are separable invariant non-natural metrics
in L but they are either not complete or not effective. An example of the
first kind is the precompact topology generated by an almost periodic
non-periodic function. An example of the second kind is the compact
topology transferred to L from the solenoid R by an algebraic isomorphism
(compare [3] and [4], Chapt. VI).

We finish by pointing out another peculiar phenomenon, which
can occur in metric divisible torsion free Abelian groups. It can namely
happen that #/n does not tend to the identity for any x, but comes arbit-
rarily near to the identity for every x. To see this, take a direct factor
B of R, complementary to the (divisible) subgroup consisting of all re-
gular elements of R (comp. section 1). According to Lemma 1, a/n does
not tend to the identity if weB. On the other hand, for every weR the
set {x/n} has the identity as a cluster point, this being true for all compact
divisible groups ([4], p. 176).

It can be proved by standard methods used in section 1 that the
phenomenon just described cannot occur in locally compact torsion free

Abelian groups. We do not know whether it can occur in complete groups
(P 498).
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