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1. Preliminaries. Let us consider algebras (A4,; F,), (A4,; F,) and
sets AM™, AM of all n-ary algebraic operations in (4,; F,) and (4,; F,)
respectively (for details see Marczewski [2]). A. Goetz and E. Marczewski
have recently introduced the notion of weak isomorphism of (4,; F,)
onto (A,; F,). It is — roughly speaking — a one-to-one mapping of A,
onto A, which is a one-to-one mapping of A{" onto A{" for every n.

Precisely to say, a one-to-one mapping of A, onto A4, is said to be
a weak isomorphism if and only if for every feAl" there exists f*eAy”
such that

f*[W(fC1), Ty (F’(mn)] - (Pf(ﬂ'/'u cey mn)

and f, +# f, implies fI =+ f5.

A weak isomorphism of (A4,; F,) onto itself is said to be a weak
automorphism.

A weak isomorphism is not necessarily an isomorphism. In the
case of Boolean algebra (B; v, ~, —) a one-to-one mapping h of B
onto B defined by the formula h(a) = —a (aeB) is a weak automorphism
but not an automorphism.

In the sequel two weak automorphisms, just defined one and the
identity, will be called natural.

Suppose B, = (B,; v, ~, —) and B, = (By; v, ~, —) be two
Boolean algebras and s an isomorphism of B, onto B,. If h is a natural
weak automorphism on B,, then the superposition hs is a weak isomor-
phism. E. Marczewski raised the following problem: Is the superposition
hs the only form of weak isomorphisms of Boolean algebras?

In section 2 this question will be answered in affirmative and in
section 4 an analogical problem for Post algebras will be examined.
A notion of natural weak automorphism on a Post algebra is introduced
in section 3.
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2. Weak isomorphisms of Boolean algebras. We now prove

TureorEM 1. If there exists a weak isomorphism ¢ of a Boolean algebra
B, = (By; v, ~, —) onto a Boolean algebra B, = (By; v, ~, —), then
the algebras in question are isomorphic and ¢ = hs, where h is a natural
weak automorphism on By, and s is an isomorphism of B, onto B,.

Proof. Let us see first that ¢ maps trivial (*) algebraic operations
onto trivial; it is an obvious consequence of the definition of the weak
isomorphism.

Now, since ¢ maps A" onto Ay (constants onto constants), only
two possibilities are to be taken into consideration:

(1) (0) =0 and ¢(1) =1,
(2) p(0) =1 and ¢(1)=0.
(Constants in both algebras are denoted by the same symbols in this
paper.)

There is only one unary non-trivial and non-constant algebraic
operation in B, (in B,): the complementation f(r) = —a. Therefore
(3) ¢(—x) = —g(w)

for every weB; and for every weak isomorphism ¢.
Let us consider now the case of algebraic operations of two variables
which are neither unary nor trivial. There are only 6 of them:

11}, J :}9‘2, 3'/'1 A "_m2, ~$1 (> —9172,
.’171 ™ éT/‘z, ml m —932, '—-’1)1 I _mz-
One can easily verify that each of the formulas

P(@y v ) = @(®y) v —@(2), X, w 3y) = (p(ﬂ?,) ~ —@(®s),
P(ry v @) = —@(31) v —@(@), @@ X)) = —@() n —p()

contradicts (1) and (2).
Therefore the two following possibilities remain to be considered:

p(1, v &) = @(xy) v @(x,) corresponding to (1),
p(1, v ) = @(2y) ~ @(a,) corresponding to (2).
In the former we recognize an isomorphism (formula (3) should
be remembered). In the latter the weak isomorphism ¢ is of the form

@ = hs, where s = he is an isomorphism and h is a natural weak auto-
morphism but not an identity.

Ny fe B(ln) is said to be trivial if there exists k' < n such that f(z,, ..., #a) = @k.
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In fact:

hp(wy w @;) = hp(r,) ~ ¢(@,)] = —g(2)) v —g(,)
= ho(w,) © he(w,).
On the other hand,

so that
hp(—2) = —hep(x).

In consequence the one-to-one mapping s = hg is an isomorphism.
This completes the proof of the theorem.

COROLLARY. If ¢ is a weak isomorphism of a Boolean algebra B,
onto a Boolean algebra B, and ¢(0) = 0, then ¢ is an isomorphism.

3. Natural weak automorphisms on Post algebras. Let
P =(P;u,n 0., en1; Coy Cy ..oy Cp_y)

be a Post algebra. This means that (P; o, ~) is a distributive lattice
with a chain

O:eﬂ<61<..-<en_1=1

of constants (» > 2), in which unary algebraic operations Cy, Cy, ..., C,_,
are defined in such a way that

1° for every xeP

n—1 n—1

(4) @ = .E{Ci(m) ~ €, _L_JOCi(:v) =1, Cix)nCi(x) =0
for ¢ #j and
n—1 n—1
2°1if @ = (Je; ~ ¢; for some zeP, where | Je; =1 and ¢; ~ ¢; = 0
i=0 i=0

for 7 # j, then ¢; = C;(x) (see Traczyk [3], compare also Epstein [1]).
A representation like (4) is called a disjoint representation of .
Now let {i;}, j =0,1,...,n—1, be an arbitrary permutation of

the set of integers 0,1,...,n—1.

TueoREM II. The algebraic operation h defined on P by the formula

(+) h(:ﬂ):Cio(w)meou...uO-

In—1

(CD) ™ €y

18 a weak automorphism.
Proof. The inequality », # x, implies Oy, (wy) # Oy, (x;) for some
1; # 0, by (4). Hence h(z,) # h(x,) for =, # x,.
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On the other hand, let {k;}, j =0,1,...,n—1, be the inverse per-
mutation of {¢;}, and let us put

n—1
(=) y = UOk(x) ~¢; for arbitrary xzeP.
i—0
It is a disjoint representation of y. Hence C;(y) = (/'kj(m) and this
implies

Consequently,
n—1
& = _Hoij(y) ~ & = h(y).

Thus we proved that A maps P onto P in a one-to-one manner. In
particular, k maps P onto P in a one-to-one manner, because
h(eq;j) == Gq'].(ei].) ~ ¢ = ¢ by (4).

For every feP"™ the superposition hf also belongs to P™, and the
formula

F Wy ¥a) = W (Wa)y ooy D1 ()]

defines an algebraic operation f*e¢P™, which corresponds to f. One can
easily see that this correspondence is a one-to-one correspondence of
P onto itself.
Definition. For any permutation {¢}, j=0,1,...,n—1, the
weak automorphism b defined by the formula (4 ) will be called natural.
COROLLARY. It follows from (+ +) that if h is a natural weak auto-
morphism, then so is h~1L.

4. Weak isomorphisms of Post algebras. Now let us consider two
Post algebras

P1 = (P15 vy ~y €0y €15 ey 150y Opy vy O y),
sz = (Py; v, My €0y €1y ey ly1; Coy Cyyooey Cua).
FFor Post algebras the following theorem is a generalization of theo-

rem 1:

TuworeMm III. If there exists a weak isomorphism ¢ of P, onto P,,
then the algebras in question are isomorphic, and, moreover, there exists
an isomorphism s of P, onto P, and a natural weak automorphism on P,
such that ¢ = hs.

Proof. Let B, be the set of all elements z of P, of the following
disjoint representation:

= Cy(x) ~ €y v On—l(m) Ay = On—l(m)'
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It is well known that (B,; v, ~) is a Boolean algebra (of comple-
mented elements of the lattice (P,; o, ~). We are going to prove that
(p(B1); vy ~) is a Boolean algebra, too.

If ¥y, Y.e@(B,), then there exists an algebraic operation f, <P
(foeP{®) such that

Yio Yo = ghile7 W), ¢ (@)1 (W~ Y = gfale (1), ¢ (W) ).
It is known (see, e. g., Traczyk [4]) that

Cilfulp™ ()0 )])  (Cilfele™ ), 0 W)])s  i=0,...,0—1,

is a join of a subset of the set

O = (Cilg= ) ~ Okl (),  Gok=0,1,...,0—1.

Since ¢~'(y,)eB, and ¢~'(y,)eB,, we have 05(99*1(?/1)) ) Ck(¢—1(y2))
= 0 if at least one of the indices j, k differs from 0 and »—1, and
thl(fp_l(@/«f)) = ¢ y;) for ©« =1, 2. Let us put Co(‘f"'l(y»f)) = —¢ W),
g ==1,2,

Only four elements of the set € need to be taken into consideration
(those do not equal 0):

—¢ Y1) ~ —¢ 7 (Y,), — @ Y1) ~ ¢ H(Y2)s
Y1) ~ —p7(Y,), P7HYL) A eTHYs) -

If O,,:(ff[(p—l(g/l),qfl(yz)]), J=1,2, were a join of some of them,
t=1,2,...,n—2, then — putting ¥, = ¢(0) = €y OF Yp =g@(1) =€, .
(k=1,2) — we would obtain ¢;eB,. Contradiction.

Hence we easily infer that f; belongs to B, j = 1, 2, and therefore
Y1 Yse@(By), (Y1 ~ Yoep(B,)). Thus (p(B,); v, ~) is an algebra. Putting
Y = €, Or Y =€ . (k =1,2) one can easily see that only two follow-
ing cases are to be considered:

(*) Yo Y =@l () v ¢ (Yy2)] and ¥, ~ Yo = ¢l (Yy) ~ o Hy.)]
or
(#%) Yy v Yo =@l Y1) ~ ¢ (y,)] and y, ~ y, = el (y1) v 71 (y2)].

From these formulas it follows that the fundamental operations
v and ~ of the algebra ((p(Bl); v, ~) are commutative, associative and
distributive.
In the case (%) for every yeq(B,)
Yoy, =gle7H ) el =gl )] =y,
. Yo, , =ele7 W) el =gl W] =y,
Yyooel—9 Wl =gl @) v —e ()] =¢(1) = €4y,
() ~ —¢

Yyooel—e7 (]l =l W] =9(0) = e

)
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Thus (¢(B,); v, ~) is a Boolean algebra, e;, 18 its zero-element,
is its unit-element; @[ —¢~1(y)] is the complement of .
In a similar way one can prove in the case (x) that {(p(B,); v, ~)
is a Boolean algebra, too.

Now let {i;}, j=0,1,...,n—1, be a permutation of integers
0,1,...,n—1 defined by the formula

e'in -1

(P(ei):eija j=0,1,...,n—-1,

and let h be the natural weak automorphism on P, corresponding to
this permutation, i. e. S
h(z) = U Ciy(@) ~ ¢.
Hence e
h(e;;) = Oij(e,i].) ~e¢ =¢ and he(e) =¢€, j=0,...,n—1.

By the above part of the proof, (hg(B,); v, ~) is a Boolean algebra,
and ¢, = 0 and e, , = 1 are the zero-element and the unit-element, res-
- pectively, of this algebra.

Let B, = (B,; v, ~) be the Boolean algebra of complemented ele-
ments of the lattice (P,; w, ~). The Boolean algebra (hg(B,); v,
is a subalgebra of B,.

On the other hand, (qn“lhhl(Bz); U n) is a subalgebra of the Boolean
algebra (B;; v, ~). Consequently, h¢(B,) = B,.

Since hp is a weak isomorphism of a Boolean algebra onto a Boolean
algebra and hg(0) = 0, it follows, by the corollary of theorem T, that h¢
Is an isomorphism.

Since he is defined all over P, and, in addition,

hple) =€, 1=0,...,n—1,

§ = hg is an isomorphism (see Traczyk [3], p. 202) of the Post algebra P,
onto the Post algebra P,. Hence ¢ = h~'s, where h~! is, by the corollary
of theorem II, a natural weak automorphism on P,. The proof of theo-
rem IIT is complete.
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