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ON ALGEBRAIC OPERATIONS IN IDEMPOTENT ALGEBRAS
BY

K. URBANIK (WROCLAW)

I. Introduction. In this paper we adopt the definitions and nota-
tion given by Marczewski in [2] and [3]. Let 2 = (A4; F) be an
algebra, i. e. a set A of elements and a class F of fundamental operations
consisting of A-valued functions of several variables running over A.
If A ={a,b,...} and F = {f, g,...}, we shall sometimes write (a, b, ...;
fyg,...) or (A;f,q,...) instead of (4; F). The n-ary operations

(n

O (Byy Xgy ooy @) =@ (K=1,2,...,0; n = 1,2,...)

will be called trivial. We denote by A the class of all algebraic opera-
tions, i. e. the smallest class containing trivial operations and closed under
the composition with fundamental operations. The subclass of all n-ary
algebraic operations will be denoted by A™. If 1 <k <n, then AP
will denote the subclass of A™ consisting of all operations depending
on at most k variables. Thus feA"™" if there is an operation geA™®
such that f(x,,x,,...,2,) = g(@i s Liy o.n, w;,) for a system of indices
U1y Gy .ony B. Two algebras (4; F,) and (4; F,) having the same class
of algebraic operations will be treated here as identical. In particular,
we have the equation (4; F) = (4; A).

The algebra (A; F) is called idempotent if AY consists of trivial
operations only. In other words, the algebra is idempotent if and only
if for every algebraic operation f the equation flz,z,...,2) =« holds.

Let () be the set of all non-negative integers » for which there
exists an algebraic non-trivial n-ary operation in 2 depending on every
variable. The investigation of the sets .7 (2) was suggested by Marczew-
ski. In particular, he proved in [5] that if there is no constant operation
in the algebra 2 and there is an n-ary symmetrical (or even quasi-sym-
metrical) operation, then the set .#(2) contains the arithmetical pro-
gression n+(n—1)k (k = 0,1, ...). This result for n — 2 was previously
obtained by Plonka in [7]. The aim of the present paper is to give a com-
plete description of all possible sets .7 (2). :
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II. Examples. First of all we shall prove that for any subset E of
the set {0,1,...} satisfying the condition E ~ {0, 1} £ O there exislts an
algebra Uy for which & (Ug) = E.

Let A be the set of all non-negative integers. We define an n-ary
operation t, (n > 1) on A as follows: #, (@, 3, .., x,) = 2 if the integers
Ty, Xy, ..., @, are all different and odd and &, (%, Ty ..., x,) = 0 in the
opposite case. Moreover, we define a constant operation t,(x) = 0 for all
reA. Of course, the operations f, depend on every variable.

Suppose that 0eE. Put Fzy = {t,: neE} and g = (4; Fg). From
the definition of fundamental operations ¢, it follows that each non-
trivial algebraic operation in 2Ag is of the form

F@yy @ay onny @) = Eu(Biy Bjyy ovvy T )

where neB, 1 <j; <k (i =1,2,...,n) and all indices jyy oy .veyju are
different. Thus the equation & (2x) = E is true.

Now for any positive integer n we define an n-ary operation w, as
fOllows: w0, (X1, Tay ..vy ¥,) = 2@, if the integers x,, @,, ..., #, are diffe-
rent and odd and w,(z,,*,, ..., 2,) = 22, in the opposite case. Of
course, each operation w, is non-trivial and depends on every variable.

Suppose that 0 ¢ E and 1¢E. Put Fg = {w,:neE} and Ay = (4;Fp).
It is very easy to prove that each algebraic non-trivial operation in the
algebra 2, is of the form

F(@yy By oony @) = 2" Wy (B 5 Tpyy ooy X, )

where nekl, r>0, 1<j;<k (i=1,2,...,m) and the indices j;,Ja,
..., jn are all different. Hence the equation & (2y) = E follows, which
completes the proof.

Consequently, it remains the question of a characterization of all
subsets ¥ < {2, 3, ...} for which there exists an algebra A with & (2) = K.
Obviously, this question is simply the question of a description of all
possible sets .#(2A) for idempotent algebras 2.

Now we shall give some examples of the sets & () for idempotent
algebras 2.

1. Let 2 be a trivial algebra, i. e. an algebra in which all algebraic
operations are trivial. In this case the set #(A) is empty. Of course, this
property characterizes the trivial algebras among idempotent ones.

2. Let @ be a Boolean group with the addition as a group operation,
i.e. a group in which all elements different from the zero element are
of order 2. Put g(x,y,2) = x+y+z for @,y,2¢G and A = (G5 g). It is
easy to see that each algebraic operation in 2 is a sum of an odd number
of different variables. If G contains at least two elements, then each
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operation x,+a,+...4 &y, depends on every variable. Consequently,
in this case the set . (2) consists of all odd integers greater than 1.

3. Consider a diagonal algebra, i. e. an algebra of the form 2 — (4;d),
where the set A is a Cartesian product A4, XAyx...xA4, and the funda-
mental n-ary operation d is defined by the formula

d(<a’}7 a’;’ "'9a’rll>7 <a?7 ag’ .ty aiv>, R <a1117 agﬁ ouele a;’:>) - <a’f1l7 aé’ bl a;b:
where a-';:eA]- (2,7 =1,2,...,n). Diagonal algebras were introduced by
Plonka in [7]. If the n-ary operation d depends on every variable, then
the algebra 2 is called n-dimensional. Obviously, one-dimensional dia-
gonal algebras are trivial. If 20 is an n-dimensional diagonal algebra and
n =2, then, according to [7], the set .#(2) consists of the integers
2y B g sios 3 T :

We note that diagonal algebras can be defined in terms of binary
fundamental operations. Namely, we have the equation (4;d) = (4;
dy,dy,...,d,), where

(1) di({ay, ag, ..., Uppy <byy gy oiiy b))
= (by, b,, ooy B5_q, A,y bf+15 - (j=1,2, ceny M)

for ay, bred, (k =1,2,...,n).

4. Let A be an arbitrary set containing at least m elements, where
m=3. Let I, be an m-ary operation on A defined as follows:
bn(@1y ooy @) =, if @y, ..., x, are all different and Ll 5 vscy By} == By
in the opposite case (see [4], p. 2). Put 2A — (A4;1,). Taking into
account that the operation 1,, depends on every variable and applying
Lemma 1 proved in Chapter 1V, we infer that the set S () consists of
all integers > m. :

Further, let A be a three-element set and let the binary operation r,
on A be defined by the conditions: if # - Y, then rg(x, y) ¢ {x, y} and
r3(x, x) = x (see [4], p.2). The operation ry is symmetrical. Thus, by
previously cited Plonka’s result [7], the set & (A) for the algebra A
= (4;r,) containg all integers > 2.

5. Let G be an infinite Boolean group and (G; g) the algebra defined
in Example 2. Given an integer m > 5 we define an m-ary operation
Pm o0 G as follows: p,, (2, x,, ..., x,) = x,, if all elements Xyy Byy ooy By
belong to a subalgebra of the algebra (G; g) generated by less than m
elements and p,, (v, ®,,...,2,) = x, in the opposite case. Put A
= (G5 9, pa). 1t is very easy to verify that for k < m every k-ary alge-
braic operation in U is also algebraic in (G; g). Thus the intersection
S (A) ~ {2,3,..., m—1} consists of all odd integers less than m. Hence
and from the inclusion ¥ (U) > 7((@; g)) v Z((@; pa) it follows, by
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Lemma 1, that the set (%) congists of all integers > m and all odd
integers greater than 1.

6. Consider an infinite n-dimensional diagonal algebra (4 ; d), where
n > 2. Given an integer m > n we define an m-ary operation ¢, on A
by the conditions: ¢, (x,, 5, ..., #,) = @, if the elements x,, x,, ..., 2,
belong to a subalgebra of the diagonal algebra (A4;d) generated by less
than m elements and ¢, (2, 2,5, ..., 2,) = x; in the opposite case. Put
A = (4;d, q,). Since the set A is infinite, the operation ¢, depends
on every variable. Moreover, <% (2) ~ {2,3,...,m—1} = {2,3,...,n}.
Hence and from the inclusion () > & ((4;d)) © .F/’((A;q,,,‘)) it fol-
lows, by Lemma 1, that the set . (2) consists of all integers s satisfying
one of the inequalities 2 < s < n, 8 = m.

III. Theorems. The examples give six types of the sets .7 (2A) for
idempotent algebras 2. The main result of the present paper is that these
six types give a complete description of all possible sets () for
idempotent algebras 2.

THrEOREM 1. For each idempotent algebra 2L one of the following cases
holds :

(i) () is an empty set,

(il) & (A) consists of all odd integers greater than 1,

(iii) 2 () consists of all integers s salisfying the inequality 2 < s < m,
where n > 2,

(iv) () consists of all integers = m, where m = 2,

(v) L(A) consists of all odd integers greater than 1 and all integers
= m, where m = 5.

(vi) L (A) consists of all integers s satisfying one of the inequalities
2<s<n, s =m, where m > n = 2.

Sometimes the set % (2) completely determines the algebraic struc-
ture of an idempotent algebra 2. For instance, the set () for an
idempotent algebra is empty if and only if the algebra is trivial. We
shall prove that except two cases 7 (A) = {2,3,...} and ¥ (A) =
= {3,4,...} the set & (2) determines the algebraic structure of the
idempotent algebra 2L.

THEOREM 2. Let A be an idempotent algebra.

1. Z(A) = {s: 2 <s < n}, where n =1 if and only if A is a diagonal
algebra.

2. (AU ={s:2<s<n} v {s:8 >m}, where m >n>1, m >4 if
and only if A = (A; {d} o F), where (A; d) is an n-dimensional diagonal
algebra, the class F contains an m-ary operation depending on every
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vartable, all operations f from F depend on at least m variables and satisfy
the equation f(xy, Xy, ..., xp) = 2, whenever the elements m,, xy, ..., x;
belong to a subalgebra of the algebra (A;d) generated by less than m
elements.

3. L(A) consists of all odd integers greater than 1 if and only if
A = (G g), where G is an at least two-element Boolean group and g(xz, vy, 2)
=x+y+z.

4. 7 () consists of all odd integers greater than 1 and all integers
= m, where m =5 if and only if A = (G; {¢} v F), where (@;qg) is the
algebra defined in the preceding assertion, F contains an m-ary operation
depending on every variable, all operations f from F depend on at least m
variables and satisfy the equation f(x,, x,, ..., x.) = x, whenever the ele-
ments &y, &y, ..., ;. belong to a subalgebra of the algebra (G; g) generated by
less than m elements.

As a simple consequence of Theorems 1 and 2 we obtain the follow-
ing results which are a generalization of a characterization theorem for
diagonal algebras presented in [7].

TuroreEM 3. Let 2 be an idempotent algebra. The set & () is finite
if and only if 2 is a diagonal algebra.

TuroreM 4. Let 2 be an idempotent algebra. The set & () and its
complement are both infinite if and only if %A = (G; g), where G is an at
least two-element Boolean group and ¢(x,y,z) = x+y-+z.

THEOREM b. Let A be an idempotent algebra. If n¢.# () and all
fundamental operations in A depend on at most n—1 variables, then either 2
is a diagonal algebra or A = (G;g), where G is a Boolean group and
g(@,y,2) = z+y+=2 ,

TuroreM 6. Let A be an idempotent algebra with binary fundamental
operations. If () +# {2,3, ...}, then 2 is a diagonal algebra.

The proof of Theorems 1 and 2 will be given in the next section.
Before proving the Theorems we shall prove some Lemmas.

IV. Lemmas and proof of the Theorems. In this section we assume
that considered algebras are idempotent.

LemMMA 1. Let m = 3 and let A = (A; f), where [ is an m-ary opera-
tion in A satisfying the equation

(L) f(w17 Loy euny I/’l}m) = ¥

whenever at least two elements among &y, x5, ..., x,, are equal. If the opera-
tion [ depends on every variable, then () = {s: s = m}.
Proof. From the assumption (2) it follows that the composition

flef el Y, et ) (1 <jr <m—1;k=1,2,...,m) is the trivial
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operation e}'l”‘”. Thus the class of (m—1)-ary trivial operations is
closed under the composition with the fundamental operation f. Hence
it follows that A™ " consists of trivial operations. Consequently, to
prove the Lemma it suffices to prove that for each integer k¥ > m there
exists an algebraic k-ary operation f, depending on every variable. We
shall prove slightly stronger statement by induction with respect to F.
Namely, we shall prove that the operation f, satisfies the additional
condition

(3) fk(w7yay7-'-7y):m-

Set f,, = f. By assumption (2) the operation f,, satisfies equation (3)
and depends on every variable. Given an algebraic k-ary operation f,
(k = m) depending on every variable and satisfying equation (3), we put
(4) fk+1(-171; Lay ouey Bpyy) = f(fk(mu Lgy eoey &g), Tpy19 Loy Lgy euny mm—l)'

Of course, the operation f, , is algebraic and the equation

feca@yys s o) = FU0@, 4, 9 oo )5 05 0y oy ) =
holds. It remains to prove that f, , depends on every variable. Taking
into account the inequality m—1 > 2 and setting x,., = x, into (4)
we get, in view of (2), the equation

fk-{-l(wly Loy oovy Tpy wz) :fk(ml’ Loy eeny mk):

which shows that the operation f,,, depends on the variables x,, zs,
Dyy ooey Bpe

Since all (m—1)-ary algebraic operations are trivial, the operation
Ju(@yy oy ooy @p_gy @y @y, ..., ) is trivial too. Thus, by (3), we have
the equation

(5) fk(wlawz,-°-,wm—2,wk7$k7-"7'1"15) = Ty.

Setting #; = @), (j = m—1,m, ..., k) into (4) we get, in view of (5),
the equation
fic+1(m1’ Xy eevy Tin_gy Ty Loy vy Tpy Tpoyy)
= f(®1, Bhyyy Bay Tgy vy Bz, ),

which, in view of the inequality k& = m, shows that the operation .
depends on the variables z, and ;. ,. Consequently, the operation TR,
depends on every variable, which completes the proof of the Lemma.

LEMMA 2. Suppose that there exists a ternary algebraic operation f
wn the algebra 2 depending on every variable and satisfying the condition

(6) fle,y,y) = .
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If se (), then s+ 27 (2).
Proof. Suppose that se& (2). Let g be an s-ary algebraic operation
depending on every variable. Put
h(wyy &gy ooy By s) = f(!l(fvu Ly ooy Bg)y Lgyqy J".s-+2)-
Since
h(ﬂU,SU,...,JU,ZI)H‘l, ST2 f(g m)?'ﬂs+17ms}-2) :f(xaws-:—l7xs+2)

and, by (6),
h(Zyy oy oony sy Yy Y) :f(g(mlﬂm'Z? ---,$S),?/,?/) = (@) Bay ooey Ty),

we infer that the (s4 2)-ary algebraic operation h depends on every
variable. Thus, s 2.7 (2).

LEMMA 3. Suppose that there exists a ternary algebraic operation g
in the algebra A depending on every variable and satisfying the condition

(7) g, y,y) =y.

If 2¢ % (), then & (U) = {s: 8 > 3.
Proof. Since the only binary algebraic operations in 2 are trivial
ones, we have one of the following cases:

(8) g(y,a/,y)—J, gy, y,x) =x,
(9) gy, y) = x, gy, y,z) =1y,
(10) g(y,a‘ﬂ)—y, 9y, y,x) =y,
(11) gy, 2, y) =z, gy,y,x) =
Setting
g(z,x,y) in the case (8),
ez, y,2) = .
g(y,x,2) in the case (9),

we get a ternary algebraic operation depending on every variable and
satisfying the equation f(x,y,z) = x whenever at least two elements
among x, ¥, 2 are equal. Hence, by Lemma 1, we get the assertion of the
Lemma in both cases (8) and (9).

Put

& g(x,y,2) in the case (10),
p(r,y,2) = .
glg(x,y,2),y,2) in the case (11).

It is very easy to verify that the operation p* satisfies the equations

(12) p*(w,w,y) P (@ ' Yy & )—p*(y,m,w) =&



136 K. URBANIK

The algebra in question is non-trivial. Consequently, it contains at
least two elements. Denoting by 0 and 1 a pair of elements of the algebra A
we infer, in virtue of (12), that the set {0, 1} is closed under the opera-
tion p*. Moreover, the algebra (0, 1; p*) is the Post algebra P* (see [6],
p- 200). Thus, & (P*) =« ¥ (A). But & (P*) = {s:s = 3} (see [6], p. 202),
which completes the proof of the Lemma in the cases (10) and (11).

LEMMA 4. If 2¢7 (), 3¢ L (A) and 4¢ 7 (A), then & (A) = {s: 5 = 3.

Proof. Since 3¢ (), there exists a ternary algebraic operation f
depending on every variable. Further, taking into account the assump-
tion 2¢.%(2), we have either

(13) fle,y,y) =y
or
(14) fle,y,y) = .

In the case (13) our statement is a consequence of Lemma 3. In the
case (14) from the relations 3¢ () and 4 . (2) we obtain, by Lemma 2,
the assertion of the Lemma.

LemmA 5. If 2¢ 7 (), 3¢ (A) and 4¢.7 (), then A = (G; {g} v F),
where G is an at least two-element Boolean group, g(x,y,z) = x—+y-+z
and all operations from F depend on at least five variables. Moreover, g is
the only algebraic ternary operation depending on every variable.

Proof. Let f and g be ternary algebraic operations in the algebra 2
depending on every variable. Since 2¢. () and 4¢%(2l), we have, by
Lemma 3, the equations

(15) fa,y,9) =fy,2,9) =fly, ¥, 2) =,

and

(16) 9@ ¥, y) =9y, x,y) =9, y,2) = .
Put

(17) h(xy, ©g, @3, Xy) = f(g(wl, By By) ) Ly y By).
Since, by (15),

(18) h(@yy @3, @, @) = flg (01, 03, @), @, T) = g(a1, @y, 1)

and, by (16),

(19) h(zy,y, x5, y) :f(g(wu Yy ¥)s s “553) = f(@y, ¥, x3),

we infer that the operation h depends on the variables x,, x, and ,.
Therefore, by the assumption 4 ¢.7 (2), it does not depend on the variable
xy. Thus

h(wyy &gy gy @y) = h(@y, &gy @y, 23) = by, vy, 2y, @),
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Consequently, by (17), (18) and (19), we have the equations

f(g(‘”u Loy Xy)y Ly, wa) = g(®y, &y, ¥3) = f(@1, @2, @3),

which show that there is exactly one ternary algebraic operation ¢ in
the algebra 2 depending on every variable. Moreover, this operation is
symmetric and fulfils the equation

(20) !]({](é’l’l, Lyy Ly)y Ly {Da) = (X, Ta, &y).

Since 4¢.7(2), the algebra 2 can be written in the form
A = (G5 {g} v F), where all operations from F depends on at least five
variables.

Let 0 be an element of . Put

(21) . x+y = g(@x,y,0)

for all elements # and y from G. From the symmetry of the operation ¢
the equation z-+y = y+ « follows. Further, we have, according to (20),

(22) (56‘|”.'/)‘|*3 — g(g(wvya 0), z, O) - g(g(a?, ¥, 0), 072) - g(;r;,y,z)

and

$+(y+z):!](l’:g(ﬁ’/az70)7 0):.‘/(9(!/’390), 07'7/') =gy, 2, x) =g(x,¥,2),

which proves the associativity law. Since, by (16), -+ 0 = g(z, 0, 0) = =z,
the element 0 is the zero-element. Further, by (16), x+x = g(xz, x, 0)
= 0, which shows that the set G is a Boolean group under the addition
(21). Since 3e¥ (), the set ¢ contains at least two elements. Finally,
from (22) we get the formula ¢(x,y,2) = x+y-+2, which completes
the proof of the Lemma.

LEMMA 6. Let G be a DBoolean group and g(x,y,z) =x-+y-+z
(x,y,zeld@). Let f be an m-ary operation in G, where m = 4. If for each
system iy, by, ..., 4, of indices satisfying the condition 1 < i; < m—1
(j=1,2,...,m) the operation f(x;,x;,...,x; ) s algebraic in the
algebra (G5 g), then there exists an m-ary algebraic operation f, in (G q)
such that

Jlay, @yy ooy @) = foly, @oy ...y 2p,)
whenever at least two varitables among xy, xy, ..., x,, are equal.

Proof. We note that each algebraic operation in the algebra (G} g)
is of the form

h(oyy ®gy 000y @y) = @+ 23+ o2y,

where the indices i, #,, ..., i, are all different, 1 < ¢, <n () =1,2,..., k)
and % is an odd integer.
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Setting x; = x; (i # j) into f(x,, xy, ..., x,) Wwe obtain an algebraic
operation h;; which, of course, does not depend on the variable x;. Con-
sequently,

(23) R L8y 5 W5, s 5 Bg) == S B,

where M (i, j) is a subset of the set {1,2,..., m} having an odd number
of elements and satisfying the condition i¢ M (i, j).

Set ul) =x and w) =y if k#s (k=1,2,...,m). For any
index s, f(u{”, u, ..., u$)) is equal either to x or to y. Let M be the
set of all indices s for which the equation

.f(ugﬂﬁ ug;)a ceey ’ng,‘?) =&

holds. It is very easy to see that for s #1i,j (i #+ j) the relations
seM(i,j) and seM are equivalent. Consequently,

(24) M@, (i = I o GY) G £J5 6, =1,2,...,m).

Suppose that ¢ -~ j. Since m > 4, we can find a pair of indices k,s
(k # s) different from ¢ and j. Put v, = v; =« and v, =y if r # iy ]
(r =1,2,...,m). Then the equation

(25) Rij (D15 Oy ooy Vi) = Pgg (01, Day ovy Vi)

is true. Moreover, by (23),
x if jeM(i,j),

hij (014 Voy oovy v, ) =
)( 1y V29 ) ) ‘y lf J¢J|/I(’b,j)

and
Y if both ¢,jeM(k,s) or both t,j¢M(k,s),

hk.s-(”u”za---:'”m) = l . .
x 1n the opposite case.

Hence and from equation (25) it follows that je M (i, j) if and only
if either ieM (k, s) and j¢ M (k,s) ori¢ M (k,s) and je M (k, s). Now taking
into account that all indices 4, j, k, s are different we infer, in view of
(24), that ie M (k, s) if and only if éeM and je M (k, s) if and only if jel.
Consequently, je M (i, j) if and only if either ie M and i¢ M or i¢ M and
jeM. Hence and from (24) we obtain the equation

o ] MN({i} o ) it i,jeM ori,j¢M,
M(i,j) =
J) (M({i} © {j}) © {j} in the opposite case.
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In particular, from this equation it follows that the set M consists
of an odd number of elements. Consequently, the operation

fo(-'171a Lay "'7'70711,) - sz
seM
is algebraic in the algebra (G;g¢). Further, by (23) and (26), we have
the equation f,(x;, Xsy ...y &) = hij(2y, sy ..., ¥,) Whenever x; = ;.
Thus the operation f, satisfies the assertion of the Lemma.

LemMMmA 7. Let G be a Boolean group and g(rv,y,z) =x+y+=z2
(x,y,z2e@). Let [ be an m-ary operation on G and m = 4. If for every
SYStem iy, iyy ooy iy of indices less than m the operation f (&i)y @iy oevy i)
s algebraic in the algebra (G g), then there exists an m-ary operation h
such that (G;¢,f) = (G;9,h) and h(xy, x4y ..., 2,) = x; whenever at
least two variables among x,, Ty, ..., x,, are equal.

Proof. By Lemma 6 there exists an m-ary algebraic operation f,

in the algebra (G/;¢) satisfying the equation

f(mly Loy oeny mm) :fo(ml’ Loy ooy wm)

whenever at least two elements among =z, x,,...,2, are identical.
Without loss of generality we may assume that

(27) fo(@1y @ay ooy @) = @+ o+ + 0,y

where & is an odd integer satisfying the inequality 1 < k < m. Setting

h(@yy @y ovvy @) = F(01y Tay ooy T) + ot Tyt o+ Ty

we have the equation

F(@yy ®yy oovy @) = B(Tyy Xay oovy Tpp) + Do+ T3+ ..+ X

which shows that (G;g¢,f) = (G; ¢, h). Moreover,

h’(wl) Loy veey w'm) :fo(-’l’u C13'27 ey m7,,_)+£2+x3+...+a)k

whenever at least two elements among z,,a,,...,x, are equal. But,
according to (27), the right-hand side of the last equation is equal to x,,
which completes the proof.

LeMMA 8. Let G be a Boolean group and g(x,y,2) = o+y+=2
(x,y,ze@). Let f be an m-ary operation in G and m = 4. If for every system
Tiy hgy oooy by of (m—1)-ary algebraic operations in the algebra (G;g) the
composition

f(hl(mla Loy veny 1)y Po(Bry Tayoovy Tip_1)y ovvy Mo (Byy Bgy o ovy m'm—l))
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is an algebraic operation in the algebra (G ;5 g) and f(x,, @y, ..., 2,) = @,
whenever at least two variables among xy, xy, ..., x, are identical, then
fley, @y ooy @) = @, whenever x,, @, ..., x,, belong to a subalgebra of the
algebra (G ; g) generated by less than m elements.

Proof. Given a system h,, hy, ..., h,, of (m—1)-ary algebraic opera-
tions in the algebra (G;g¢) we put

(28) Ry (@1, Tay eeey Tpp_,)
‘f( (@15 By vony T 1)y Ra(@ry Doy ooy 1)y onny B (1, @y, .., 'T"’”’"))'

Of course, the operation h, is algebraic in the algebra (G ;g). Since
each algebraic operation in (G ; g) is a sum of an odd number of variables,
we have the equations

(29) hi(@yy gy ooy @na) = Y ay (j=0,1,...,m),
Seﬂfj

where My, My, ..., M,, are subsets of the set {1, 2, ..., m—1} consisting
of an odd number of elements

Put wf) =2 and w) =y if &k £s (k,s=1,2,...,m—1). Since
all binary algebraic operations in the algebra (G';¢) are trivial, we infer
that, for every index s and every index j, h;(u{, u, ..., u$) |) is equal
elthel to x or to y. Consequently, the system iz-l(u,‘l‘”'),fz,1.[f), ey ),
o (u®y Sy ooy ul) )y R (08, W, L uf) ) contains at least  two
identical elements. Thus, by the assumption, we have the equation

By (0l ul)y oo, ul® )
= f(hy (ui?, ud, .., u ), hy(ul®, u®, .. wff,) 1Yy s sy Ban (B0, 9w, . s ul )
Hence and from (28) the equation
(30) o (ul?, wl? o ul ) = (el wl, L )
(8 =142, vy m—1)

follows. IFormula (29) implies the equivalence of the relation se M ; and
the equation 7;(u{”, uf’, ..., u{) ) = x. Thus, by (30), we have the
equation M, = M,, whlch, by (29), implies the equation h,(x,, z,, .

oy Ly 1) = hy(@y, @y, ...y 2, 4). Now the assertion of the Lemma is
a simple consequence of formula (28).

Leymma 9. If 2¢.7(A), 3¢ 7(A) and 41¢7 (), then either .7 (2A) con-
sists of all odd integers greater than 1 or & () consists of all odd integers
greater than 1 and all integers = m, where m = 5. Mm'eover the set & (2)
consists of all odd integers greater than 1 if and only if A = (G; ¢), where @
is an at least two-element Boolean group and g¢(x,y,2) = x+y+z. The
sel. () consists of all odd integers greater than 1 and all integers = m,
where m =5 if and only if A = (G5 {g} o F), where (G q) is the algebra
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defined in the preceding assertion, F contains an m-ary operation depending
on every variable, all operations f from F depend on at least m variables
and satisfy the equation f(xy, &y, ..., ;) = &, whenever the elements
Byy Loy ...y 2y belong to a subalgebra of the algebra (G5 g) generated by less
than m elements. |

Proof. Suppose that 2¢.7(20), 3¢ (2) and 4¢%(A). By Lemma 5
A = (G; {g} w F,), where G iy an at least two-element Boolean group,
g(x,y,2) = x+y+=z and all operations from F, depend on at least five
variables. Moreover, ¢ is the only ternary algebraic operation in 2. If
all operations from F, are algebraic in the algebra ((; g), then, of course,
2L = (G; g) and, consequently, () consists of all odd integers greater
than 1.

Consider the remaining case and denote by m the smallest integer
for which there exists an m-ary algebraic operation in 2 depending on
every variable and which is not algebraic in the algebra (G; g). Obviously,
m > 5 and, by Lemmas 6, 7 and 8, 2 = (¢; {g} v F), where F contains
an m-ary operation depending on every variable, all operations f from F
depend on at least m variables and satisfy the equation f(x,, @, ..., %)
— x, whenever the elements x,, x,, ..., x; belong to a subalgebra of the
algebra (G'; g) generated by less than m elements. To prove the Lemma
it suffices to prove that for each such algebra (G; {g} w F) the set & (2)
consists of all odd integers greater than 1 and all integers = m.

The equation

(31) FEU)y~{2,3,...,m—1} = Z((&; 9) ~ {2,3,..., m—1}

is obvious. Consequently, to prove our statement it suffices to prove
that . (2) contains all integers > m. But this is a simple consequence of
the inclusion .7 (2) o % (G5 F) and Lemma 1. The Lemma is thus proved.

LEMMA 10. Let r.> 2, re(A) and r+1¢57(A). Let q be an r-ary
algebraic operation in the algebra A depending on every variable. For each
binary algebraic operation f there exists a subset Q; of the set {1,2,...,7}
such that

(32) qUf (e, y0)s [y Yo)s ey Fl@es 30 = G005 Uay ooy 0y),
where

apif  jeQy,

yi i jédy.

The correspondence between binary operations f and subsets € is one-
to-one. Moreover, for each pair f, g of binary algebraic operations we have
the equation

(34) (](f(.'}(mlw Y1), zl)rf(g(mza Ys), zz)a---af(g('rm Ur) s zr)) =q(V1y Vay.00y V)

(33) Wy =
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where
& if jeQp~ Qy,
(35) v =Y i je@Q;\ @y,
l g if  je@y.

Proof. Given a binary operation f we put

(36)  hy(xy, @y, ooy Lry Yry Yoy oeny Yy) = Q(f(wlﬁ Y1)y f(2s, y5), vuny f (@, "/r))

From the equation
hf(m17 wQ’ ey mf” ml’ m27 bR mr) =5 q(m17 CB2’ 2.0 ) ai")

it follows that for each index j (j =1,2,..., ) the operation h; depends
on at least one variable x; or y;. If the operatloll h; would depend on
@ pair ;, y; simultaneously, then the (r4-1)-ary operation

h(@yy @ay ouny @y ;) = 9(37173’2’ ooy X1y J (@55 45), @540, "'9mr)

would depend on every variable. But this contradicts the assumption
r+1¢.% (). Thus for each index j (j =1,2,...,7) the operation &; de-
pends on exactly one variable x; or y;. Let Q, be the set of all indices j
for which hs(@y, @y, ..., @, Y1, Y2, ..., y,) depends on the variable x;.
If the elements w,, u,, ..., u, are defined by formula (33), then we have
the equation

Ri(Byy Toy oovy Doy Uiy Yoy ovey Yp). = Py(thyy Uay ooy Upy Uy y Ugy ooy y),

which, in view of (36), implies equation (32).
It is obvious that the set @; uniquely determines the operation h;.
Since, by (36),

hy(w, x, ey Ty Yy Yy s ) = Q(f(wr?/)’f(miy)’ <oy J oy y)) = f(z, ),

we infer that the correspondence between binary operations f and the
sets @ is one-to-one, :
Further, by (32) and (33), we have the equation

BT q(f(9(x1, 9), 1), F (9 @0, 92), 22 -y Flg(r, 12), )

= q(w,, w,, s oy We) s
where

g(mj,,%') if jGQfa
Wy = . ;
z,- if Jﬁ@f
On the other hand, according to (36), we have the equation

(38) q(wl, w2, ey ’w,.) == hg(aly a2, reey (lr, b]_, bz, ey b?‘)7
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“'_lmj it jedy, b':‘?/f it je@y,
G PR S T PR PP S T L0

Applying once more formula (32) we get the equation

2

(40) hy(@yy Ggyonny @rybyybyy oy b)) = @0y, Dy ovny 0p),
where

a; it je@Q,,

by it jeQy,

'Uj =

Hence and from (39) it follows that the elements v,, v,, ..., v, satisfy
condition (35). Equation (34) is now a simple consequence of equations
(37), (38) and (40). The Lemma is thus proved.

LeEMMA 11. Let 27 () and () # {2,3,...}. The set of all binary
algebraic operations in 2 is a finite Boolean algebra under the operations

(41) (f) (@, y) = fly, ),
(42) (f ~ ), y) = flo(e, v),9),
(43) (fug)(a’-,y)=f(w,g(m,y)).

The wunit element 1 and the neutral element 0 are trivial operations
(x,y) =, Oz, y) =y.

Further, for all binary operations f in the algebra A the equation

(44) ff@@, ), f(z, w) = fla, w)
holds. Moreover, if f ~ g = 0, then

(45) flg(e,y),2) = fly, )
and

(46) fle, gy, 2) = gly, f(x, ).

Proof. By the definitions (41), (42) and (43) we have the equation

47 (Frg) (@, y) = [flg@,9),9)T
= flgy, @), @) =f' (2, 9'(@, 1) = (f < ') (@, 9).
Since & (A) # {2, 3, ...} and 2¢% (™), there exists an integer r > 2
such that re.7 () and r+1¢.%(2). Let ¢ be an r-ary algebraic operation

depending on every variable. By Lemma 10 the operation ¢ induces
a one-to-one correspondence between binary algebraic operations f and
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subsets @, of the set {1, 2, ..., r} such that equations (32) and (34) hold.
To prove that the set of all binary algebraic operations in the algebra 2

i3 a Boolean algebra it suffices, by (47), to prove the formulas

(48) Qr = @y,
(49) er-\y — Qf m Qy:
where Q; = {1, 2, ooy PINQy. Indeed, these formulas show that the

_ correspondence between binary operations J and sets @, preserves Boolean
operations and, consequently, is a Boolean isomorphism.
Taking into account (41) we have the equation

@0y 90)s F 22y 90)s ooy f(ry 1)
- Q(fl(yla m1)7f'(y27 '7"2)7 "-7.}“(?/1'7 'Tr))

By Lemma 10 the left-hand side of the last equation is equal to
¢(tyy Uy ..., u,), where the quantities Uyy Ugy ooyt are defined by
formula (33) and the right-hand side is equal to ¢(t,,t,,...,1,), where
i =y;ifje@, and t; = a2; in the opposite case. Hence we get for-
mula (48).

Further, from (32), (33) and (42) we get the equation

A (9@ 9205 91)3 £ (00 92)s 92} o Fl9 @y 1) 02)) = gl a,s .., @),
where a; = 2; if jeQ,., and a; = y; in the opposite case. On the other

hand, by formulas (34) and (: 5), we have the equation

a(Flg @y 90)5 w2)s F(9(20s 12), 1), o P (9@ 4y 1)) = q(byy by ooy by),

where b; = x; if jeQ; ~ @, and b; = y; in the opposite case. Hence we get
formula (49), which completes the proof that the set of all binary alge-
braic operations is a Boolean algebra under the operations (41), (42)
and (43). The proof that the operations 1(x,y) and O(xz,y) are a unit
element and a neutral element respectively is obvious.

Now we proceed to the proof of formula (44). From (34) and (35)
it follows that

Q(f(f(mla Y1), zl)!f(f(m27 Ys), 2‘2), ,f(f('rr, Yr), 2,-)) = q(V1 Vgy e00y V),

where v; = ; if je @, and v; = 2; in the opposite case. Hence and from
(32) and (33) we get the equation

Q(f(f(mh Y1), Z]):f(f(mm Ya), 22)9 ---’f(f(-'x’ra Yr)s zr))
= Q(f(wla 1)y f(%25 22)5 .00y fl0y, zr))
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Setting «; =, y; =¥, 3 =2 (j =1,2,...,r) into the last equa-
tion and taking into account the formula ¢(x, x, ..., 2) = x, we get the
equation

f(f(”% ?/)9 Z) :f(Ty z)
for all binary algebraic operations f. Thus, by (41),
F(f(@y y), 2y w) = flo, fz, w)) = f(f (w, 2), @) = f(u, @) = f(a, ).

Formula (44) is thus proved.
Suppose that f ~ g = 0. Consequently, the sets Q; and @, are disjoint.
Thus, by (34) and (35),

Q(f(g(mlr?/l)yzl)7f(J(ra,yz ) . 7f( g (@, Y,), )):q(fvl,wz,...,m),

where v; = y; if je@, and v, =z in the opposite case. Hence and
from (32) and (33) we obtain the equation

Q(f(g(mu Y1), 21),f(!l(~7‘2, Ys), 22), ...,f(g(m,,, Yr), zr))
:Q’(f(?/uzl)yf(Jza i yr,zr)

Setting #; =x, y; =y and 2, =2 (j =1,2,...,7r) into the last
equation we obtain formula (45).
Further, we have, according to (34) and (35), the equations

(50) Q’(f ((1(7/1,~1 71) I ((] (Y2, 22), 7")) . yf( 9(Yry 2r) :wr))

= q(W1y Way vuy W),

where
a i jeQy
(h1) w; =1y; it jeQp ~ Q,,
g i jeQpr ™\ Qy,
and

(52)  qlg’ (fl@, @) 0), 9 (F@y 205 We) s -0 0 (F @y 20), 0))

= q(tlr t27 ceey tr)?
where

wp i jeQy ~ Q,
(53) =14 it j¢Qy,
i A je@p N\ Q.
We assumed that the sets €, and @, are disjoint. Consequently,

Qr=Qy~Qy, Qr~Q,=@¢, and Qr \Qy = @\ Q.
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