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SOME REMARKS ON MONOTHETIC GROUPS

BY

S. ROLEWICZ (WARSAW)

A topological group @ is called monothetic if there is an element x
such that the group H, generated by z (i. e. the set of all elements of the
type ", n = 0, 41, +2,...) is dense in @. The idea of monothetic groups
was introduced by van Dantzig [1], [2]. These groups have been also
investigated by Eckman [3] and by Halmos and Samelson [4], who -
proved independently, among others, that every separable connected
Abelian compact group is monothetic.

If a monothetic group @ is locally compact, then it is either discrete
or compact (see [5], lemma 1, p. 270).

The following question arises: Is this alternative true under weaker
assumptions ? Does it hold in the case when G is a complete metric
monothetic group ?

The answer is negative, as it is shown by the following

THEOREM. There ewists a monothetic complete metric Abelian group G,
which is meither discrete nor compact.

Proof. Let G be the set of sequences of complex numbers z = {z,},
where |2,/ =1 and 2, — 1. The group operation is defined as multipli-
cation by coordinates, i. e. the product zy of # = {x,} and y = {y,} is
the element {x,v,}.

The distance of two elements x = {x,} and y = {y,} is defined by
o(w,y) = m’a‘ximn_ynl .

It is easily seen that the group @ is complete and non-compact.
For any y = {y,} denote by P,y the element {y,, s, ..., ¥m,1,1,...}.
Let « = {,} = {¢*»}, where A, A,,... are independent over rationals
and subject to the condition

1
[An] < o (n=2,3,...),
n—1
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where k£, is the smallest integer & for which the inequality

5 1
(1) 0((an)f’Pny) g‘Z—,{
can be satisfied for every yeG and a suitable j < k. The existence of
such £’s follows from Kronecker’s approximation theorem. Of course
we ha’ve k‘n < knf B
Let y be an arbitrary element of the group G and e an arbitrary
positive number. It trivially follows from the definition of the group &
that there is a number »n, such that for all » > n, we have o(y, P,¥y) < &/3.
We choose an n > n, so as to have 1/2" < /3. By the manner the se-
quence {r,} was chosen, there is an integer j (0 < j < k,) such that (1)
holds. For m > n one has
Y
J Mm‘ = Eﬂ?; = :‘;—77
Hence o (2, (P.,,x)j) < ¢/3. Therefore
‘?(mj’ ¥) < Q(mj7 (in)j)_}_g((an)j’ Pny)_FQ(Pnyy y)<e

and, since y was an arbitrary element of ¢, the group G is monothetic.
This completes the proof.

The author would like to express his thanks to Prof. S. Hartman
for his keen remarks, which helped to the preparation of this note.
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